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COMPARISON OF AUTOMATIC CONTROL SYSTEMS®
By V. Oppelt

SUMMARY

This report deals with a reciprocal comparison of an
automatic pressure control, an automatle rpm control, an
automatic temperature control, and an automatle directional
control. It shows the difference between the "faultproof"
regulator and the actual regulator which is sudject to
. -faults, and develgps this difference as far as possidle in
& varallesl manner wilth regard to the control systems un-
der consideration,’ Such an analysis affords, particularly
in its extension to the faults 4f the actual regulator, a
deep insight into the mechanism of the regulator process;
for this purpose, certaln important, practical cases re-
qulre only cursory treatment, while others of less impor-
tance must be. explalned. .

The results of the comparison of these four arrange-
ments, even at the same steps in the consideration, are
qulte different from one another, since the systems to be
regulated manlfest differences. Differentiation between
direct and indirect control is shown to be unnecessary for
this analysls,

INTRODUCTION

Thies comparison of different control systems 1s unlike
that of other similar reports, to the extent that the treat-
ment proceeds in strictly parallel manner and finds its
Justification in the deep insight afforded of the mechan=~
lem of the control process. It indicates the differences
and common actlions of different control problems; it indi-:
cates to what extent and with what modifications the results
obtained on one component system can be generaliged and
transferred, and so give the practical englneer the means
for a qulizgk grasp of dissimilar control systems, so as to
make the correct selection and appraise any modifications
necessary. '

‘“Vergleichende Betrachtung verschledener Regelaufgaden
hinslchtllich der geeigneten Regelgesetzmissigkelit.”®
Luftfahrtforschung, vol. 16, no. 8, August 20, 1939,
PP 447-472,
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To ackieve these results, mathematical representation
1s unavoidable, but the results are so exvlalned as to make
thelr realization physically comprehensible. With this in
view, tie vehavior of -ths -"regulating system" is presentod
first. On tho other hand, the "govaerning principle 1s
establlished which st=tes how the deflection of the control
linlk 1s rolated to the state of the reozulating system.

The combination of both Fives the behavior of the "rogu-

latod system." This reduces thc problem to "control with
faultproof roguletor," Sutseoquent trontmont shows the ef-
focte of instrumental derocts of tho "actuol" regulator.

The most essential resulte are derived fror an enalysis of
the continuous control; a studr of the extremo transitions
affords indlcations and conclusions for intermittont -con-
trol systoms. . -Presentation-in tavles assurocs a clenr and
convonlent eompoarison. Tahe diazrammatlc cketcl of a regu-
l1ated systen and the.chogsen torms areo saown in fivure 1,

Tho rezuﬁntor ascertains with 1ts Tdotector" the state
0f the roegulating srstem nnd adjusts its cortrel 1lirk. The
-detector glves -the nrder to the amplifior. Tho conastnnt
switck.in tho onplifier connects a- extornal nuxiliary
Power sunnly nrd 80 occtuatos tho machine. Tho rachlno ad-
Justs tho coatrol 1link. On tho diroct regulator tho ad-
Justing force of tho detoctor itsolf sufllces to adjust
tho control 1link without tho aid of ‘nn auxiliary <foreo,
but rot or thoe 1ndiroct roguanQr.

The re3ulating prodblem can bto divided into two narts:
ono, the firdin~s of a suitablo Zovernling principle, tho
solution of which requiros a knowlodgo of, tho rogulating
systom; tko svcond requircs tvo instrumontal roallzation
of the ostablishod ;overnlrg princivlo, a problem for tae
resulator deslgn oxport.

" The attemvts: to. establish a governineg »rinciple for the
regulator- to-follow, fall: rfirst, in the detormination of
the behavior of the relulating systom; secondly, in the ac-
tual search for an adequate prircivle to which, thlrdly,
the study of tho combinoad actlon of tho re: ulatinq svaton
and the ,ovorninq principle nust contrlibute.

'l. ATTITUDE OF TEE REGUIATING SYSTEY

s

Tho identification of tho stato of “ho regulating asyve-
tom neces sitatos tne folilowing cuantitios.
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The control link setting, MNi;

‘Taxe départire "  of the svdtemn fiom the theoret-
ical state and, if necessary, 1ts time rate-
derivatlives; .

An interference quantity ¢ which affords an indl-
cation for an outside disturbance of the equl-
* 1ibrium of the system.

Scale and soale coefficlents of these quantities are
read off later from the equationa of the regulating sys-
tem.

Since a pverfectly exact representation of the bdehav-
ior of the resulating system is genoerally not possidle,
approximpotions ore resorted to which embrace its charac-
teriastic bPehavior and arford sufflcient accuracy for the
ranfge of small vibrations. Out of the multitude of
spheres of applicatlion of control srstems, there are es-—
sentlalily four dissimilar types, whose attitudes are ex-
pressed by four dlifferential equations of the followlng
baslic form:

const &+ @ =1 (1)
const @ =M. (2)
const @ + const @+ @ al (3)
const @ + conat P =1 (4)

Of these four systems, the first appears principally on
the pressure regulator, the second on the speed regulator,
the third on the temperature regulator, and the fourth

on the automatic.directional control.

a) Pressure Regulator

A typical case of pressure controi is shown in figz-
ure 2a. By way of a throttle D, whlch represents the

control link, the pressure medlum enters chamber R 1n

which the pressure-is to be regulated. From chamber R

the pressure medium isa dischargod by way of & fixed, ad—
Justadble throttle Dy,

Under assumedly constant effects otherwise the srstem
has, 1n the state of equilidbrium, the tendency to adjust a
certaln pressure to each setting of the control link D,.
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The system therefore disposes to some extent of a natural
resetting abdility, sometimes called "self-resulation"

(cf., for instance, Th, Stein: Selbstrezelung s.., Z.V.D.I.,
vol, 72, 1928, p, 165). The mechanism of this process op-
erates by way of the flow volume of the pressure medlum.

A pressure drop corresponding to this volume occurs at the
two throttline points.

A change in throttle Di changes the pressure drop

et that point; the equilibrium is then no longer posesldble
by the same flow volume. But & ciange in volume necessa-
rily implies a change in pressure on the flixed throttle

Da and hence of the regulating pressure. Analytical study

(reference l)shows that the resulting statlonary pressure
P ie proportional to the adjustment 1.

P = ~1 (18.)

If, however, the asystem is not in equilidrium, the momen-
tary difference in flow volume at throttles D, .and D, 1is

equalized by the accumulator effect of the intermedlate
space. This sccumulator ability may, for instance, lie in
the nature of tho space (if a pressure chambver or the like
adjolins this space, fig. 2b), or it may lle in the nature
of the pressure modium (as, for example, in the compressl-
bility of gases). This accumulator ability signifles a
gradual assimilation to the state of equilibrium. The rate
at which the system tends toward equilibrium is propor-
tional to the departure from it, which is expressed Dy an
extenslon of equation (la) to the form (reference 1):

 Tas @ + @ =T (1v)

where Tpy3 1is a constant which represzents an indicatlon
for this rate. Constant T,, proves to be dependent on

the loading =z of the svatem. Necessarilw, pressure and
volume are coupled in the pressure-~regulatinz esystem. For
definite ldentification of the state, both pressure and
volume should be indicated. However, since the behavior
of the volumre 1s singularly dependent upon the behavior of
the pressure so lonz as no changes are effected in the
volume adjustment of the regulatinzg svetem, the amount of
the pressure difference ¢ and a quantity =z are gsuffl-
cient. Quentity = indicatos the setting whlich the vol-
ume adjustment assumes (for instance, through throttle
Dg)s It 18 designated as "load z"; "heavr load =" denotes
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such an adjustmont (groat opening of -throttlo Da) on the
rogulating system to which a srént flow volume belongs,
By increasinz load 'z the propdrtionate- quantity of the
accunulator volume decreases.’ This becomes readily appar-
ent when the great throttle openings under heavy load =z
are divided into several emall ones with corresponding
accumulator volumes and then compared with the conditions

under 1light load =z (fig..2c).

On the other hand, the effect of the control link D,

on the pressure 1s also dependent on the volume, 1l.e., on
load 2. 3By %reat flow volume the pressure drop at D,
1tself, is corresvondingly greater. Both the effectlve
accumulator volume and the effect TN of the control link,
show themselves to be inversoly proportional to load =,
which leads to the .following equation (reference 1).

Tg ° N
&9+ P = (1)

or, after rewriting, to:
Ta(i)+ch='n (ld.)

where T, 1s e system constant. Outside disturbdances
such as changes in the vpreliminary preassure before throt-
tle D; or in the pressure behind throttle Dg shift the

equilidrium position and are asccounted for by an interfer-
ence quantity ¢§.

Herewlith the equation for the behavior of the pres-
sure regulating system takes the form

T, P+ 5 ® =10+ ¢ (1)

where T, i1s a system constant, which 1s an indication-
for the time in which equilibrium 1e establighed after a
disturbance. T, 1is usually termed the "starting time

Tg.".. The "load 2" 4is a measure for the volume adjustment.
b) The rpm Rezulator far Prine liovers

The prime movers fall into two groups:. those in which
the torque 1s largely dependent upon the settinsg of the
control link and those in which the torque is, in addition,
dependert uvon the rpm itself.
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The first group follows the law (reference 2):
o

The torque 1s, in part, absorbed dy the driven engine; the
rest 1s teken from the kinetic enerdy of the moved masses
or absorbed by 1t, hence this latter part serves for e
chenge & of the rpm. Eerewith

Mg = Md‘mod. +E§i’,= N (2a)
-t +1,0=1 (2)

Quantity T, 1s again a "starting time"; 1t glves an in-

dication for the rate of change of the rpm dy control-link
adjustment. The steam engine 1s a typical example of the
first group of prime movors; the direct-current, shunt-
wound motor, of the other.

Its field boirg kept constant, 1ts torquo is solely
dopendont on the armature current 1 which, according to
tho ohmlc law, domends upon the driving voltngo and tho
armature resistance, 1R, The driving voltage consists of
the torminal voltage loss the dynamo effect of the rotat-
ing armature in tho fleld. Since the ficld 1s constant,

" this dynamo effect 1s proportional to the rpm ® of the
motor:

4 =E-;onstcp ~ Mg

which, with equation (2a) sives:
= —--n ='E - '?
My = Hdmod + Md¢ = £ + 7,9 2 const 5

or, since the termlnal voltace E represents the control
link here:

RTg &+ const =N+ R ¢

or, with different scale_units.

To, ¥+ = Mg+ b (21)
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This ecuation (2b), representinz the dehavior of the prine
nover of the second group, theorefore corrosponds to equa-
tion (1) of the pressure-rezuiating systen under contant
locad =, 80 will not be treated separately in the follow-

ing., 1Its bohavior appears here undor tho econcept "pressure
roguletor.

¢) Tomporaturo Rezulator

So lonz as the control link does not interwono, the dbe-
havior of the tomporature-re3zulating systonm follows a rola-
tion sinilar to equation (1) of the pressure-regulating sys-
ton (reforonce 3): ' '

Toa @+ @ =0 (3a)

Again the relation of volume of heat flow to temperature
difference, which explains the presence of term ¢, forms

.a state of equilibrium., Energy accumulators exist here

also (heat accumulator adbility of ‘walls, etc.), which ne-
cessitates a steady avproach to the equllibrium state and
oxpleins the presence of term T,¢ . The starting process

in this instance is not affected under lond, the same spoe-
cific accumulator volume bcing slways avallabdla,

The contest between volume-~of-heat input and heat vol-
ume required in the process, transpires within the term
C of oquation (3a): the remaining O changes tho tempor-
ature state @ of the system until equilibrium exists (by
way of the outwardly discharged heat volume, which is pro-
portional to ®). The term C +therefore can be divided

"into & part _ ¢ corrosponding to the hoat volume utilized

and a part T ropresenting a measure for the volume of
hoat input:

. Tp @+ @ =T+ ¢ (3b)

In this caso the torm 17 cannot be diroctly tled in
with the control link setting T . becnuse of the timo dif-
foronces existing botweoon the accumulator abllity of the
thermal massos and those whlch are expressed bdv a dlffer-
ent equation (3e¢) (reforence 3):

.8, -t e = )
.Tv n + n = .n (30)
This equation signifies that in the stationary state
(N = 0) each gontrol 1link position 1 defines a certaln

"
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enersy input . But ase long as thls state has not been
reached, a part of the roleased energy serves to bring
the accumulator masses in the ensrgy flow path to the new

state (Ty TN). The time constant T, 1s designated as the
“deceleration time T.."

Combining (3b) and (3c) gives the behavior of the
temperature-regulated srstem, equation (%),

Te Ta P+ (Ty + 2,) @+ @ =N+ ¢ + T, ¢ (3)
This equation (3) indicates that a disturbance of the state
of equllibrium acts difforently, accordirg to whedher the
disturbance arrives from tho consumer side ({) or from
the energy input side (7). TFollowlng a sudden chanse of
control link position T, the state @ of the regzulating
system approaches the new equilibrium nositlon after.a
damped harmonlc oscillation. On the s*ated premlses, the
damping of this process is always superaperiodic.* By a
dlsturbance from the consumer side (for instance, on re-
moval of bread from an oven), however, the system does not
.£ollow a suyperaperiodic oscillation, dbut a simple aperiod-
lc damping motlion (differential equation of the first or-
der (3b)) into the new equilidrium position** because the
vibration suscentible deceleration in the encrgy input

vath does not then become effective.

¢) Automatic Directional Control

In the systems denlt with so far, only the regulating
quantity and its firgt-~tlme derivatlve were concerned ex-
cept in the temperature regulastor, whore the second derlv-
etlive occurred; dut 1t was still so far in the background
compared to the first as to make 1t insufficlient for bring-
i1ng the system out of the superaveriodic state,

*The proof is as follows: The dompiln? of the oscillation

; . 7. + T 2
process according to (3) is: .D = 12y 7 -8 yhence 4D =

2 [re T,
P D v a8

Ev + Eﬁ + 2, which is alwayve Zreater than 4; hence D 1is
a v .
alwavs greater than 1, 1.,0., always superaverlodic.

*This process is more reandily apparent with (3b) than equa~
tion (%), because o2 the interruption for due to the
abrupt changes of {. -
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In the automatic directional control, however, the
effect. of the second derivative predominates as expres-
"sion of the kineétic eneriy wWHich can dbe- acalmulated throuzh
the moment of inertia of the wvehicle.

. The forces of inertia are opposed by the moments ex-—
erted by an adjustment of the control link (here, of thae
‘rudder)_as ‘well as by the moments which correspond to the
rate of rotation of the craft. The latter are created by
the "damping" which the craft undergoes in its surround-
ing medium. Hence (reference 4):

Inertia moment X angular velocity = effective moment
(4a)
L]
const ® + const.T

J P

or, rewritten as
©+ M P=0NT (4b)

N denotes a constant for the rudder effectiveness; in it
are contained the speed of the airplane, the size of the
rudder area, the distance of the rudder from the center

of gravity of the craft, the recinrocal value of inertia
moment of the crafit, and a factor taking account of the
form of the rudder. Quantity M <gives an indication of
the damping capacity of the craft; in it enters the recip-
rocal value of the inertia moment of the craft, the path
velocity, and a factor taking the form of the craft into
account. Outside influences disturbing the state of equi-
librium are again expressed by an interference quantity £ 2

P+rMP=NN+E (4)

in which form equation (4) characterizes the behavior of
a craft. It thus holds for the automatic control of
ships, airships, and the directional control of airplanes
because for these cases the cycle of the forces comprised
in equation (4) is the most essentlal of the problem.

The characteriétic differences of these four regulat-
148 systems following an adbrupt adjustment of the control
link from T, to My, are exemplified in tadle I.

The pressure~re%t1atin% system is in equilibrium

Py = 25 at control link setting T,. On adjustment to
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Ny,  the state-"¢ of the system appréoaches the new state
of equilibrium ¢ = Thp/z,. according to an e function,
The time constant of thals ‘e function is small by heavy
load =, hence the system reaches its new attltude more

quickly by neavy, than by light load- z. Moreover, the
equilidrium change o@p - @, . under 1light load = is great-—

er than by-heavy lo&d, désplte equal control-link adjust-
ment. Under zero load the new state of equilibrium is in-
finltelr remote; the e function has degenerated in a
straight line, .

The rpm regulating system 1s in a constant state of
change &, = Ty/T,. during the control-link setting T,.
On changing the setting ﬂb. it abruptly assumes the new
rate of change éb = ﬂb/Ta. The rpm regulating system
therefore acts like the pressure-regulating system under
gero load; all vrocesses of the rpm re3ulator then follow
from corresponding ones of the pressure regulator through
.the .1imit transition z —» 0.

The temperature-regulated system is, during coantrol-

link setting My 1n 2 eetting @, = na and reaches, af-

ter adjustment to T, the new position @ after a
superaperiodic oscillation.

Supvose the rezgulatinz system of the automatic direc-
tional control accomplishes a constant change &, = N T,/M

of 1ts state during control-link setting T,. It reaches,
after adjustment to My, 4its new rate of change ¢b =

N nb/u. according to a transition curve.

2, APPROPRIATE GOVERNING PRINCIPLE

The zoverninz principle characterizes the action of
the regulator. It expresses the relation of tae regula-
tors vetween the phase quantities of the rejulating svs-
tem and the control-link setting.

For the problems in gquestlon, several principles have
been evolved empiricelly. They zre:

~-N=a0 | " (5)
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-fN=ag+ol 9at | (6)

-1

c [fopat (7)

These principles proceed from two critlical polnts,
Once, =T = a ¢, the control-link setting TN 1is made pro-
portional to the departure @ from the theoretlcal state
of the regulating system. That 1ls, every departure @
defines a certaln control-link setting 1, which tries to
renove this departure. In the second case, = T =

c / ® dt, everv dsparture from the theoreticél state do-
flnes a certain rate of chansge ﬁ of the control-link de-

flection, because the principle - ﬁ =c¢ f @ dt impliles

-~ TN = ¢ ®. Here the control 1link i1g continuously 1ln mo-
tion so long as the theoretlcal otate has not been reached.

Lastly, they are used in conbination, = N=2a ® + c [ ¢ dt.

Occasionally the first (and second) time derivative of @
1s employed in order to achleve certaln actions:

- T a P+ b é (8a)

-1

apP+dbop+o J oadt (81)

The minus sign before T 1indiceates that the control-link
setting 1 opposes the departure ¢ of the state; i1.e.,
trles to eliminate 1t.

Regulators, according to prineciple (5), = T = a o,
nay be termed "resgulators with conjugate settinz," decause

every %eparture ¢ defines a conjugate control-link set-
ting .

Regulators, according to the principle (7), =~ M =
e [/ ¢ dt, may be ﬁerqu "regulators with conjuzate running

speed,",because each devarture ¢ derines one running
speed h of the control 1linlk.
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Regulators embodying both, = N=2a ¢+ ¢ [ ¢ dt,
belong to no group. They are usually (their running speed
portion ¢ f.m dt belng moetly small) modified regulators
wilth conjugate setting, the zero position of the conjugate
setting beiné shifted by the portion ¢ [ ¢ dt; but they

are also occasionally built up from running-speed regula-
tors by adding the time derivative ¢ to the departurs o:

ﬁ=a&>+ccp. 1.0, N=a@+c [ @ dt + const

With the action of tho regulator on tho regulating
systems, two aims are pursued: First, a doefinite state of
the regulatling gvstem 1o to be preserved; 1.e., the regu-
lation in 1ts vproper sense. Then, certaln intentional
changes of state over the regulator are aimed at, whereby
the regulator removes departures from the plane of these
changes ~ a problem degignated as "directional control."
If a timed schedule of change 18 involved, it is called
"time~tadle regulation.”

Equations (5), (6), and (7) contain only the relations
‘necessary for a regulation, For the directional control of
any process, the deflection T of the control link is also
made dependent upon another quantity ¢ which, if desired,
1s adjustadle; the neutral setting of the detector is sim-
Ply shifted for the correspronding amount.

Herewith, equations (5), (6), and (7) become:

--n =a (p+rt) . (5a)
~N=a (p+8) + ¢ [ (p+l) av . (6a)
- MN=c [ (p+l) at (7e)

The constants a, b, and ¢ 4in equations (5) to (8) indicate
the extent to which the control-link deflectlion T depends
upon the ind#viduul influences. Df¥esclosure of the nature
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of these influences 1s deferred to the combined ectlon- of
regulator and regulating eygtem, althoush the constants
can already be ldentiflied by name: Quantity o 18 called
"rosettinz effect a" beczuse a reset of the control link
Proportional to a departure @ exerts a resetting moment

"on the refulating cystem. Quantity b 1e& the "damnping

effect b," ‘slnce a control-link deflectlon correspondin=
to & rote of change & of the stote has a damping offect
on the regulating course. Quantitvy ¢ 1s the "displace=-
mert effect c" because its action 1s, so to say, based
upon £ displacement of the noutral position of the control
link.

Goﬁstants a, b, and ¢ cannot bo arbltrarily select-

©0d. Limiting conditions follew from the regulating process

with faultproof re]ulator. Other limitations follow from
the errors of the actual reguletor.

Nelther detector nor control 1link can arbvitrarily ex-
ecute Zreat movements. Their range must be so chosen that
normal regulating procssses take place withln 1t. Theilr
linits are, in consequence, without (i.e., outside) the
scope® of the present study.

3. COORDINATION OF GOVIERNING PRINCIPLE

AND REGULATING SYSTEM

The study of thls combined action may be grouped as
follows:. First, the regulator 1s assumed to be faultproof
and hence exactly complles with its Zoverning principle
(equationa ' (5) to (8)). Thig case represents the best pos=~
8lble state obtalnadle with the chosen princlple; 1t also
contains all thé requirements which the regulated system
can satlefy theoroticelly grd in the most favorable case
with the chosen principle and the chosen magnitude of the
constante a, b, and c.

Then the regulating process is analyzed with consider-
ation of the error of the:-actual reguletor. The term "er-

- ror® ;ncludes all departures from the purposed §overning

*The influence of a regulator 1s usually expressed in re-
spect to such limits, or with reference to the load limits
of the regulating eystem which, for example, introduces
the concept of the so-called "degree of nonuniformity."
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principle. These errors can be grouped according to cer-
taln charsctoeristics.

The mathematlical treatment consists of bdringing equa-
tions (1) to (4) 41n relation with equations (5) to (8) and
of obtalning therefrom the equations of the regulated sys-
tem.* The solution of these equations leads to lncreas-
ing or decreasing oscillatlons and aperiddic motlons. The
aperlodic motions, which by concurrent existence of osclilla-
tions represent their medlan position, are always damplng.
Mnthematically, this is indicated by the fact that the co-
efficients. of the differential equatioas are all positive;
physically, it 1is indicated ¥ the foct that oy longer de-—
partures @ from the theoreticanl position, the control
link 1s ultinantely alwars deflected in the restorlng sense.
Should o solution yield osclllations, a concurrently ex-
l1stent aperiodic motion is usually secondary, because the
oscillation vortion can in most cases exceed a damping
limit ard hence lead to impractical regulating processes,
whlle the aperiodic motion 1s always damving.

The characteristic quantities of an oscillation are
expressed by the damping D &and the natural frequency wg,.
These values are assumed to be known from the pertinent
differential equatlon.** If, in addition, increasing os=-
cillations are possible by certain setting of the regula-
tor, the relation for the damping limit itself 1s then
indicated. For the damping 1limlt the osclllations are
then exactly undanped pormanent oscillations. With @ =
8ln wt, +the differential equation of the process can Dde
divided into two terms with sin and cos. These terms
must each, by 1tsclf, be sero, since the oequation must de
valld for each -instant. The result is two equations, Irom
which the relation for the damping limit 1is obtained. In

*It should be romembared that by positive factors the lin-
ear homofenocous differential equatlion of the first order
represents averiodically vanishing motion forms; that of
the second order, damped ¢scillation forms of motion; and
that of the third order, increasing oscillation forms of
motion by certain factors.

**Lear, in Schwingungstechnik I, Berlin, 1930: uses the
damplng criterion D which, eside from convenient analyt-
ical calculation, has the advantaze of including the super-
aperiodiec case with finite .numbers; D = zero damping,

D =1 aperiodic damping.
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slmple ‘cases. this procedure is usuelly omitted. The state-
ment of the damping limit indlcates the zone within which
danplng osclllation occurs. For appralsing the practicel
use of a regulating adjustment, tho knowledgo of tho damp-
ing limit 18 usually ineuffliciont; it should aleo include
the damplng D and the natural freguoncy wg,. However,

the aspsct of the damping limit itself, affords consider-
able information on the direction in which the regulating
effocts must be modified in order to assure satisfactory
conditions.

For the clardfication of the processes 1t often
proves expedlent either to assume an external lnterfering
force, which somehow sets the regulated system into per-
manent osclllations, or to select the comstants =2, b,
and ¢ 1n suck a manner as to preserve its state therein,
and then to nanalyze the phase position of the control link.
For thls case the application of the data from the vlibra=-
tlon theory is especlally convenlent.

NHo specizl treatment of the swinglng~in processes 1s
attempted. For the typlcal case of abrupt change of state
(for instance, a disturbonce £, or n directional control
), the time constont K ia sufficlent (1n processes fol-
lowing a differentinl equation of the first order), or the
damping D and natural frequency w, (processes ex—

pressed oy a differentinl equotion of the second order),
Processes expressed by a differentlal equation of the third
order then manifest swinging-in processes by which the os-
cillatlion is formed about n domplng e-function. This e-
functlon 1s so placed in relation to the new state of
equilibrium that the departures existing without them are
even increased at first. Thlis behavior has ite physical
cause ln the appéarance of a lagging phese displacement on
the control link; for instance (as explainesd later on),

through the portion ¢ J ® dt of the governing principle

or the "inertia 9" of the regulator, in consequence of
which the state 1s forced bevond the new state of equilibv-
rium. If, instead of an abrupt change in theoretlical
state, an arbitrary interference function with respect to
time is involved, that of itself necessitates a separate
analysls of the swinging-in action.

The graphicai representation is nade with a view to

the most essential control influence, 1.8.,, of the re-—
setting effect a. By aperiodic motions their time con-
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stant XK, by damped oscillations thelr demping D in-re-
lation to the resetting effect a 1is presented. If the
redulating course indicates a damping limit, the over-
stepring of which 1s followed by increasing oscillatlons
of state @, then this dampiang limit is presented, and the
resetting effect &a plotted as dependent quantity; for 1t
must then be so chosen in relation to other quantities,
that the regulating course rerains within tho damping lim-
1t. Thc damped zore is emphasized by hatching. For the

principle =~ T =¢ f @ dt, +tho displacement offect ¢ subdb-
stltutes for the resetting effect a. While dealing with
the individunl cases, tho avponded grapiaical ropresenta-
tion should bo consultod. No spoclnl referonce is made in
tho toxt.
a) Faultproof Rozulator

The combined actlion of goveraninsg princinle and rezu-
lating system for the differert controls 1s now analyzed
and the results compared.

.a) Pressure Rezulator

The combination of the pertinent groups of equations
gives the following:

Gowerninx Priacinple Regulntel Srstom
~ N=a (p+ ) . Ta® + (z+a2) @ = ¢t ~ a ¢ (9)

- Nea®@+l)+c/ @+0at T8 + (z+a) ¢ cp=t-cl-al  (10)
- M=c [ @+8)as . TP + sh+ cp= £ acl (11)

The factor : ¢ appearing in equations (9) to (11) of
the regulated system indicntes that all regulating proc-—
esgses on the pressure regsulator differ under different
load =z.

The usoe of a regulator with conjugate setting, - T =
a (p+ ), zives a linear differentinl equntion of the
first ordor for the rogulating process. It means that af-
ter a suddon change in equilibrium (for instance, due to
transitlon-to a new thooreticnl state by means of change
of directional control quartity ¢, or by a permanent
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outsilde interforence ¢) the now state is reached through
an o-function., Tho time constant K of this e-function
folldws from equation (9) at:¥

K = _ T
g + a

The now state of equilibrium therofore is roached soonor

by short starting timos Tu (bocause then smoller ac-—

cumulator volumes noed to be filled), heavy load g (bo-
causo the involved accumulator valumes are small, fig.
2¢), and great resottinz effoct a of tho rezulator (bo-
cause the rogulator then excrts a sreat offoct oven at
smnll departures). Because accumulator volune and regu-
1ntor rosotting effoct romain, o finite time constont of
tho process romains even by disavppearing load =z = 0.

For the regulator with conju3inte running spoed, =~ T =
e J (p + L) at, the regulating procoss is roprosonted by
a linear differontial equation of the second order. It
implies that the regulating process after a disturbance of
1ts state takes place in damped oscillations. 4n oscllla-
tion 18 voassible now becrugse of the contlnued exlestence of
a control-link setting c [ o dt .after a departure o,
which forces the system beyond its neutral positlon toward

the other side. The damping and frequency of this oscll-
lation nrocess follow from equation (11) at**

' Egquation ® = P,0 K inserted in equation (9) gives:
: l‘--]—ltt - =y
~Ta P03 © + (z+a) 9, e ¥ = ¢t - a L = const
and

. . T
- T& _% + g T a = ———:—%—;' wheraby K = ;—:Ez
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:

We

W Ty 4TS
Hence the shorter.the starting time..T,, the better the

deamping D of the process (since at thae then—accelerated
processes the setting 1 of the control link has not yet
reached such abnormal values as dy gradusl movemernts), the
hicher the load =z (because then the accunuylator volune
involved is small), and the emaller ig the resgulator dis-
Placenent effect ¢, chosen (becruse then %the displace-—
ments of the control lirnk are slight). The naturnl fre-
quency W, I1ncreases with increasing dilsplacerment efrect
¢ (slnce it 1s the real c-ouse of the vibration suscepti-~
viliiy), reduced starting time %5, and increasing load
2 (for with both, the accumulator volume involved be-
comes smaller), The natural frequency w, ©vecomes zero
when D > 1 (l.e.,, enters the superaperiodic zozne), as
theoretlically must be the case bdr every osclllation. By
dlsappearing load, =z = 0, the damnpinzg 1tself becomes
zero. (The accumulator effect of the rezulating system
st11l exists but its inherent resetting avility 1s SZone,)

Lastly, the adplication of the principle = M =

a (o + t) + e J (p + t) dt, also afrords o damped swing-in

** (From p. 17) . . .
Equation (11) Tg ®+ z9 + e¢p = £ - el trcnsformed to
P+ AP+ " ® = ?-'T'QL- corresponde to the basic eouation
- Ta 8

P + 2D woép + woacp = const

of a domved oscillation. ‘Thls comparison gives:

. zZ a C
2D w, = — W = —
o T, and o Ty
Lagtly, bocause of the relation woa = uba (1 - Da) OX-

isting betweon the asaumedly.un¢ampod froquency Ww 'ﬁnd
the actual freguency Wy » the wvalues are thoso ci%ed in

the text.
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into the thooreticanl state (equation (10)), with the char-
acteristic quantities:

D=L 2te
2 ey
a2
wg = /& (2t a)
. Ta 4 Ty

The action of the regulator process a%aln approaches the
conditlions for conjJugate setting., Finite damping pre-
valls even by vanighing load s = 0 (hecause of the re-
malning resetting effeot of the regulator); the damplns
increases with increasing resettinz effect a (approach
to thoe aperlodic case of conjusate setting), The damping
D 1ip considerable by high load =; 1% oecomes less as the
dlesplacoment effect ¢ increases. The damping car become
superaneriodle if the wvaluo
a
o = L5+ 8)
T4 T,

is not reached.

A permanont disturbance of the siate of equilidbrium
(for instaace, dy o change in proliminary pressure) signi-
fles a change 1in the interference quantity ¢ by At;
hence by corjuznte setting, tho new state of equilidbrium
is formed only by a departure AP from tho thesorotical
gtotol

It requiros this pormancnt departure to produce a perma-
nont ndjustmont of tho control organ, which i1s necessary

in order to balarce the permmnent disturvance of tho equi-
librium. It is obvious that tals devarture Ap will dbe

80 much less as the action of the rezulator (its resetting
effect) 1s greater. It i1s less also undsr high lond =,
beczuse then the actlon of the control link on the rezulat-—
ing syrstem 1s greater. By cohJugate running speed or

~MNM=a(@+¢f)+cf (+ ) dt, there i1g no vermanent

departure AP. . The control link is adjusted until the
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* theoretical state has been reached asain, gince the_bqnf
trol link comes to rest only in the theoretical etate.

A temporary departure occurs nere also. Lkethematlcally,
this actilop manifests itself in the appearance of its de-
rlvatlve § rather than in the interference quantity 1t~
self, )

A directicnel control of the regulator process - that
is, an intentional chanze of the theoretical state - 1s
achleved by a chanZe in thre dlrectional control quantity
. If the latter is charged Dby an amount AP, the theo=
retlcal state, by conjusnte setting, itself changes to
the zmount '

Ap = —B _ Al

z + a

This change s no% nroportionate - it 1s less Dby .great
load =z, despite the equal chanze Al of the directional
coatrol quantity. By Zreat load =z, tals smaller change
AP sBuffices to re—establish equilidrium, because of the
greator ilniaxerent resettirg abllity of the regulating sys-
tem under 3reat load. 3y conlusate ruaning speeod, the
changze AP of tke theorctical state corresporde oxactly
to the sdjustment Al; for %the control iink stops rurning
only when the new state caorresponds exactly to that pre-—
scribed. The same holds for - M=a @ + L) +

c S (p + ) dt. The instantaneous adjustment of *he con-

trol lirk.db» al (caused dv the conjusate setting portion
in the 3overning principle) speeds up the attainment of
the new state. After an avbrupt change of the theoretical
state br directional control, the new state ias reached
conformnavle to the swingiag-in actlon of the regulator.

B) rpm ‘Regulator

The combination of zoverning principle and requlating
system here affcrds the followin? equations:

991323125,2322212_2, L Regulated Svstoep
- M=a (p+{) ‘TP + ap = - al ' (12)
~ M=o (P+{)+e [ P4L)at 2,5 + ah + op = £ - of - al (13)

£ - ot (14)

- M=ec / (P+Llat - Ta® + cP
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. The equations of the rpm razulator, (12) to (14) fol-
-- low from the equations of the pressure regulator, {2) to

(11), v vanishing load =z. The action of the rpm regu-~
lator 1s es that of a pressure rezulator by zero load.

The resulator with conjuzate setting, - N =a (p + L),
alein indicates, after a disturbance, an aperiodlc ap-
proach to the theoretical state conformadle to an e—~func-
tion. Its time constant is, accordinz to equation (12):

Ta
a

-he

and becomes infinltely 3reat dr wvanlshing resstting effect
of the regulator (since the rom regulatinz gwvstem has no
inherent resettins abillity like the pressure-regulating
system).

The regulator with conjugate runring speed, = T =
e/ (p+ ) dt, shows undamved oscillations, the regulat-
1ns syetem has no resetting effect of its own, and the ac-
tion of the regulator is undamping owing to 1ts la<zing
phane poeltion. Thls control svestem is therefore imprac-—-
tica.l.

The natural frequency of the undamped oscillations
follows from equation (14) at

w = /o
a

Belng caused by the regulator, i1t increases as its effect
i1ncreases and as T decreases (because of the then- .
lowered accumulator effect).

The regulator with = N =a (P + L) + ¢ J (P + L) at

also reaches tho tkeoretical state by a damped swinging-in
process, equation (13), with tho characteristlic quantitles:

1l . a
D = = =

2 .fEE;
wen i— a
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Again thke actlion resombles that for conjugate settinsg.

The damping incresses wlith increasing resetting effect &,
decrearing displecement effect ¢, anéd diminishing start-
irg time Ty: the fregquency lncreasses as ¢ and a and

Ta decreaze for the same reasons as on the pressure rezu-
lator. ) - .

: By cornjugate setting, a permanent disturbance of the
equilidbrium (by & change of the torque absorbed dy tae
driven machine, for instance) indicates that the rnew state

of equllidbrium can only be reached by a devperture AP from
the theoretical state

Acp_—.%g

. Here 2lso the departure is so much less as the resettinsg
effect a of the regulator is zZreater. By conjuegate run-
ning speed,- “-MN=c¢c f(p+L)at, or - N=8a (p+ L) +
¢ [ (p+ ) dt, there is no lasting departure because the

control lin¥ remrins et rest only when +tae theoretlcal
state prevails.

A directional cortrol of the regulator process,
achleved ©y a chenge of quantity !, modifies the theoreti-
cal state - Dy conjugate setting - to the amount of

Ap = A!

This change 1s proportionate because the rpm refulating
srstem nas no resettinsg adility of ite owr. 3¥ conjuzate
running speed and Loverning princivle = M=a (P + {) +
¢ f (p+ !) dt, the same occurs.

Y) Temperature Regulator
[ ]
Eere the corresponding equetions are:
Guyernir3 Princivple Rogulated Srstenm
~Nea (P+{) T TP ML+ Ty Ko+ (L+a Jp=t +Tt -al (15)

“N=a@P+i)+c/ @+ Dat TvT;"f’.*(TﬂTa)a;"' §1+a.)_q'> .
+ep=f+Tyb~cf ~al (18)

~N=c J (®+{)at T TG+ (Ty+Tg o4+ op=E +Trt ~ct (17)
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The use of a regulator witk conjugate setting, 1T =
e (P + ), changes the inherentlv superaperiodic vibrato-
ry esysten into one susceptidble to neriodic vidvratlons,
equation (15). The characteristic gquantitlos of this os-
cillation are:* . '

T, + Ty 1
2 NIy Tg (1 + &)

%1
o, =~/1.+ e _ (oy + Ty}

The vibration sueceptidllity of thaa syetem is formed
as follows: On swinging throuzh tle theoreticsl stcote O,
the regulator adjusts the settin3z 'of tie control link ex—
actly correct for the theoretical state ©® as state of
equllidrium. But shortly before thet, a departure, and
hence a dlifferent control-link seitirg, existed. This
other seitinz had effected an energy l1nput a%t that momont
which did not correspond to the equilibrium stote. How-
ever, owinz %o the accumulator masses (ocquation (0b)) still.
exletent on the path of energy fiow, this enersy ies belated
ané o forces the eystem terond the theoreticel state asgain,
An incresging reseitinz eifect a =ampliifies this action,
which 18 evidenced in rising natural frequency wg and re=—

duced damplng D. The lattgr, however, elw-ys remesinsg Dos-
ltive. If one 0f the time constaats is emall, the damping

_wlll ove great (the syvstem anproaches tahnt of the aperiodie

Pressure resulator); should ore of the %*ime constonts be
great, the damping will be =rent nlso (becanuse tho damping
reducling decolernting effect of the other time constants

i8 small also). If both time constanta are of tho same
order of magnitude tho damping will be emall, boing o mini-

mum for
T, =T, of D=1/V1+a

On tho regulator with cornjugate rurnins speed,

»

As In tho proecoding footnote, tho conparisor petweon agqua-
tion (15) and the basic equation of the damped oscillation,
glvesn:

:
3 Lla

2D w,

and
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«MN=cJ/ (@ + ) dt; on the other hand, -ths systom is

equally susceptible to increasing osclllations, equation
(17). " Tais ties in with -tke fact that a system suscepti-
ble to vivrations recelves enersgy through an exciting
force with & »hese lag of m/2 Ybenind the deflection.
Here the regulating sysitem 1s susceptidle to superaporiod-
ic vibrasions (equation [Z%)); the excitins force with /2
1ag 18 given through the control-link mction whicih, for

the governing principlo, =MN=c S (p + ) dt. lags in
phase by n/2 benlnd the gtate @ of the svstem. There
is therefors a limit for the megnitude of displacement ef-
fect ¢, =2t the trarnsgreselor of whica the regulated svs-

tem executes ircreasing oscillatilons. Thiallimit follows
from equation (17) at:*

1 1
e = — + —
Ty a
The osclllation froquency W existing at this limit is:

w = ____c_.ﬁ_.__l_._
-‘\/Tu.-'-TV m T,"

-Y H

Iv 18 scen thereZrom that the displacement effeect ¢ de-—

*7ith the forrula @ = o 8ln wt of an undanmped oscilla=-
tion, equation (17) gives: - w® TyT, Po, cos Wt - (T p+Tg)
w2Pg sin Wt + WPy cos WE + cPo sin Wt = £ + T E - cf;

honce transformed: ' P

g"'Tvg"Gg
P
This equation must be applicadle for evoery moment, walch

czn Do the case only 1f both parontheses - each rfor itgelf -
becomes zero. Then,

(=w3 ToTa+Weos Wk +(=(T,+T, JwP+c)sln Wt =

- wd (P + T.)+ec=0

honce
a_. 1 c

and




NACA Technleal Homornndum No. 966 25

crengcs wlth increasing starting time ' Ty, as well cos
with increasing deceleration time: T,. The increase of

these two time constants implies.a FIrowth of tae accumula~—
tor masses, hence a lowering of frequency w, 'and conse-

guently, an'increase of the undnmplng ¢ f P dt, each seml-
osclllation. But even by infinite time constants, the dis~-
pPlacement effect need not fall short of the value 1/Ta

or 1/Tv in order to assure damping, because the inherent

resetting adllity of the regulating systen supports o
damped stote. o

The use of principle =N =a (P + L) + c S (p + L) dt,

also vroduces ﬁere the best condlitions. Admittedly, the
possibility of i1ncrencsinz oscillations remalns, but then
the darplng 1linit lies at:

' /1 1

c = {7+ =) {1+a)
Lo -v

1 + o e
w = =—— = —
V/r;v Ta d/r;a + Ty

The drzplng linmlt is postponed by tho action of the reset-
tinzg effect (becouse of higher frequencies npd heace, a
proportlonnlly reduced nction of term

c-[ (p + §5 at

A permnnent disturbance of the equilibrium (for in-
stance, opened oven dcor)} by conjugnte setting indicates
o new state of equilibrium taat departs frem the theoreti-
cal state, Thls departure is:

ACP:—AL—

1 4+ a

for 1t requires the exlistence of Just such a departure &P
to assure the setting of the control link needed for the
new stnte of aquilidriumn. Here also this demarture is so
muck less a8 the cortrol action (its resettirz eoffect a)
is greater, 3By conlugato runnirg speed or - N =a (@ + )

+c¢f (@ +L) at, a temporary departure occurs, ns on the
Pressure and rpm control,
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A directional control of the regulantor process secured
by a change of quantity ¢, dlters - or conjugate settling -
the equlllibrium conditlon by

a
= A
AP 1+ a L

This change 1s not proportionate, since the regulating
system has an inherent resetting abvllity which the dlirec-—
tioral control must overcome also. On tke running speed

regulator or -~ N =a ‘®+ L) + ¢ [ (p+ ) dt, <+the change
AP of tre theoretical ctate is provortional to the change
of the control quantlty, because the natural resetting
abllity of the rezulating system is neutralized by the ac—-
tion of the dlsplocement efect ¢.

8) Automatic Directionel Control

The relatlve equations are as follows:

Goverairng Principle Bezuigted Sresien
-N=a e+ L) P+MP + aNep = £ - o H ¢ (18)

~Nea(@+{+c / @+L)at P+US + aWp + cTp =If —cHl-allt  (19)

-N=a J @+{)at THMP + cNO = E - cFP (20)

The regulator with conjugete settinz, =- M =a @ + L),
changes tae vehicle to & system suscevtible to vidration,
A mechanlezl oscillation circult is formed between the
craftls inertia moment and the resetting actlon of the reg-
ulator. The damping follows as darping of the vehkicle in
its surrounilrcg nedium; it is alwars vositive. The caarac—
terlstic quentities of the natural oscillation of the sys—
"tem follow from equation (18) at:

"

a

Wy = /au-iua

The natural frequency rises with increcsing resetting ef-
fect a, and incrensing rudder effectiveness N; t;e

D =

nj=
=
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'dampins decreases. as on evsry oscillation circult.

- ok

The use of a requlqtor with conJuqate running speed
is out of order here, since the system executes only in-
crensing oscillations, ne seon from equation (20). With

P =0

Kt
. oin Wy t

follows

(2® + M E® -~ 3 we® X - M w,® + ¢ WeX? ain wy ¢

+ (3 wy E2 + 2 M wy X = wg®)ekt cos wg ¢

= £ - cX ! = const
Since this equation must be satlisficd nt ecvory instent,
tho factors before the torms with sin oand cos rust
oach be zero, whizh Zives tho equaitions:

K> + ¥ X% - 3 W? K = v W," + c W =0

-l ’ 3
3wy T + 2 K Wy ¥ = w,” =0

The relation (see footnote™™, p. 14):

X -1

w
e /1 + K /w

holds by damping as br incressing oscillations; aence, after
miror changes, the Formula for the increase factor (-D)
ard tho dlsplacement effect ¢ of the regulator reads:

el 16 8 1
- = + + e ———
©° (1_4)= (_1..4)*’ (L - e)
DZ ' D D2 /

This equation indicates that the ircrease contirues br in-
creasing dlesplacement offect ¢, &and tkat it becomes Zreat-—
or oe the damplng capaclty M of the vehicle 1s less.
Howsver, this incroase does not exceod the factor D = =
0.5, reached by the vehicle without damping.

Even for - N=oa (p+ t) + ¢ [ (p+ t)at, the possie
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bility of increesing osclllatiohs” éxists br considerable ap-
plication of displacement effect c. The damping limit fol-~
lows from equation (19) at:™ ' :

c a M
w=an

The displacement effect ¢ can be so much Zreater as the
resetting effect a 1s greater (becatse at the then-
existing higher natural frequency, smaller uniamping dis-
Placement quantities ¢ [ ¢ dt Dprevall.

Presorvation of equilidbriur by on external pornanent
disturding momert A! (for instanco, tarorzh failurc of a
lateral nower plart in & galp) - dr corjugete rmettinz -
Postulates a departure AP Ffrom the theoreticael state

Ap = At

a

Thls devarture lg, of couree, so ruch lese as the regula-
tor 1s more erfective (as 1ts resetting effect a 1s
greater).

By = N=a (p+Ll)+c/Sf (p+ f)at, euch departurs

i1s elirinated in the course of time aes mction of c.

A diroctional cortrol of the resulator process by way
of cortrol link § induces a proportionnte charge AP of
the thooreticnl stato bry conjugate setting:

Ap = Al

inasmuch ag the regulontineg srstom hero nas no resetting
adllity orf 1ts own, likxaq tho syood rogulator, hencc hes no
proloerrod status @. Tan sagme holds truo %7 conjuzgnte run-—
nins spood.

‘Equation (19), trontod exrnctly as (17) ir footnote, p. 24,
Zlves:

-w3+walN=20
- 0w XL+ cN=0
honce, w® = a W = %?

and c =0 M



NACA Technical Memorandum No. 966 29

The problem of automatic directional control nas still
‘another aspect: the effect of the control link - here, of
the rudder — is not constant but dependent upon the dynamic .
pressure. In consequence, natural frequency, damping, and
damming limit become dependent on the spced of travel, and
on airplancs; and in addition, on the flying height (ref-
erence 4)., The natural frequency riges with increasing
speed, the damping deocreascs, and its limit is shifted to
zreater values of displacement effect c. In airplane di-
rectional control the damping limit computed here is not
tnhe decigive nne. Poth oseil s of the conter of sravw-
ity arve 2pt $to form by¥ existi isplacensnt efTzet ¢
throush the lzternl notions of e sirclane conter of s3srav-
ity, the der»ing linmit of vhich is reacasd sooner thmn the
limit% of the rotary oscillations about the alrplazne c.g3.
in question.

ct

A comparison of the results obtained on the different
regulating systems discloses an increasing difficulty of
the regulating »roblem from pressure control to rpm, and
tempmerature control to automatic directional control. Thae
results are apwended in ta2ble II. On the regulator with
conjugate setting, both the pressure control and the rpm
control show ameriodic processes; temperature regulator
and sutomatic directional conitrol disclose damped oscilla-
tions.

By = M=a @+ §)+cJ/ (p + ¢)at, the processes

on the nressure and rpm regulator already follow damped
oscillations; temperature regulator and automatic control
show potentizl increasins oscillations. The control with
conjugate runninzg speed, lastly, shows damped oscillations
only as pressure regulator; the rpm regulator already exe~
cutes undamped oscillations, the temperature regulator man-—
itests potential increasing oscillations, and the oscilla-
tions on the automatic directional control are continuous-—
ly increasing, Hence, the justification of the enumera-
tion in the order chosen,

The rpm resulator and automatic directional control
stand out as systems without inherent resetting adility;
that 1s, without preferred status ®. 3y directional control
to another stote they follow willingly and come to rest in
the purnosed new state, even on the regulator with conjusate
setting. Pressure regulator and toemperature rezulator dis-
pose of their own resctting avility; after o dircctional
control they do not come to rest on the desired new state
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by conju3zate setting. They require & departure AP, to
equalize thelr different internal resetting force in the
new state, It requlres the action of a dlsplacement ef-
fect ¢, wklch produces such an equallzation after a cer-
tain time, automatically, to make them seek the desired
poslition. The 1nherent resettinz abdillity of -pressure and
temperature regulating srstems 1s also apparent in the
Plots of tadle II; both also show by vanishling resettlag
effect a of the rezulator, flnite vnlues of time con-
stants K, dnmping D, or danping limit; waile on the
rpm regulator ard the automatic directioral control, tae
correspording vanlues ars, resvectivclv, zero cnd inflnite.

The rezulator with -~ N =a (o + §) + ¢ f (Q'* C)dt.

shows up to the bvest advantaze, according to tadle II,

since n verr cenersetic applicntion of thoe regulator on thae
regulating swstem l1s desired in order to achleve a miniamum
of departure from the theoretical state. Thls 1s impossible
on tke runninz-spmeed rezlulator because n¥ its damping limit.
In fact, only the vressure rejulator manifests here con-
gsistently, danped Yekavior in this resvect, and sven taere
the dampinzg declines wlith increasirng control zction. By

~N=alp+ ) +c/S (p+ g)dt, nn t32e ctaer h1and, damp-

ing czn alwars be maintained by adequate resetting effect

a; the dlsnlacement effect can be chosen emaller tihan for
the running-speed regulator, since now it 1s no loager tae
sole and true rezulatinz effect, itas sole purmose Delng
rather to remove remasininrg demartures. The dampling values
nrevalent by - N =a (P + {), paturally cannot oe exceelded.

dowever, in order 3o achieve still greater damping

values, as 13 desgiradble for specific control prodlems, the
regulator process is siven nn effect corresponding to the
time derivative @ of the state. Then the regulator op-
Doses a chanje of rate of tne state, Tals rate of ciaancge

can be measured direct (for instance,' as rate of rotation
of the craft by zn1eans of fettered gyroscopes on the auto-
matic control, as rotary acceleration of the shaft by the
inertia sovernor on tie rpm control), or derived by instru-
nertative differentitation from the measured state (for
instance, br methode which measure the difference betwesn
the state ¢ and a sluggish subsequent comparative state).
If this "damping effect D" 1is combined wit:r o setting
regulator, it follows the principle:
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- N=a.(p+.¢)+ pé
for which the.ﬁodifi;d'forﬁ;iaé-are_as Follows
"Pressure control: .

(To, + )P + (5 + )@=t -at

o

+
+

x - Za
g

*pm controls

(T, + D) P+ 2@ =t - a ¢

T

K=& ___
a

+
o

Temperature control:

ToeTo® + (T 4T 4D) @ + (1+a) @ = £ + T f - al

eyt Ta + D 1

- -
/1+a. (Ty + Ty + D)
we‘:‘- -
Ty Ta 4 2.2 1"

v
Automatice di“ectional control:
cp+(n+bn)q>+ancp=g—ang

M+ DX

2./aN

' E+DE)S
W, = J/; ¥ --__iz-

There is evident ip 4ll cases a rise in damping
time constant as a result of the demping effect
regulator.

D=

D
b

- 31

(8a)

and
of the
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To better vigsualize the dlifferént control systems,
the use of mechanicel substitutes of the regulator proc-
esges 1s helpful. The lirear, homogenesous, differential
equations of the 1st, 24, and 24 orders, 3iven in the de-
scription of the regula*inz processes, ‘appear in the sane
manrer 1z simple mechanical vibratlion patterns; hence,
manifeat the same behavior as the reguletir; srstems while
beiny at the seme time essioer to 3ras», tedlis III.

The state @ of a rezulating system 13 represented
by the position (empansized in tadle IZI) of a linearly
moving reference wmolnt; uniess otherwlise stated, the sym—
tems 1illustrated in tadre III are fric-iornlass, welghtless,
and massiess. The enalosy 1s most easily anoarent on the
auvtomatlic dlirectional control; the mechszlcel cscillatlion
circult 1s simplw transferred. The inartla morent of the
vehicle 1s represented b» a linearly movir3 mzss, the ve-
hicle damplng by a brake cerlinder. Taig svztem, like tae
vehlcle, dlsclosesa no resetting avillty of its own, whlle
the temperature—~regulaiing svstem has ore such ard in ad-
dltion, a vivration susceptibls attitude.(equation.(ﬁ)).
whlch epnears in the substitute Hicture as ~ mechanieal
osclllation circuit with mass, s»-iag, nrd danping. The
rom resulating sretem, which only opposes a ckange of lits
state, anvears as n simple brake cyliader. The vressure-—
rezulatin® swvastem, on the ovhror hand, with rosettlng forces
of 1ts own, ranifests also a reset spring. Since the in-
aerent resettinzy forces of tals system 5row +ith increns-
ing lonéd 2, tals soring gsaould be stiffer iIf 3reater
londs n~re involved. Followlng a disturbance of its state - .
of equilibrium, such ns giving it a nusn o hand, ther act
rne descrlibed in tadle I.

The effects of mounting a rezulator with conjusgate
setting on the regulatinz svstem, are proportional to the
departure @ frorm the theoreticnl st~te. Such effects
can, however, 1a the substitute natterns, be exerted
throusgh a spring which is exactly untense in the theoretiws.
cal state. Then 1t 1s seen how the auitomatlecallr steered
vohicle h2s now tecome suscentidle to vidra=ions, how the
natural frequencr of tae temperaturé regulator has now
increased nand its danpins decreased. It is readlily ap—
rarent how the rpm controlled swstem recsives a resetting
ability over the rezulator,” to the thooretical position,
how the natura; resettling abllity on the pressure-regu-—
lated syster is increased by the reguletor, a2nd so on,

It 18 also qulte plain that & pormanont outside di sturd-
ance can be egualized only by a departure “rom the theoret—
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lcal state, because then only a corresponding sprinz ten-
--8lon appears. The..damping. action of a supplementary damp-
ing influence b on the regulator process is represented
by another broke cylinder., The action of a displacement
effect o is representod by a device which a flowing
medium integrates. To 1llustrate: Sand pours out of e
Pipe on a gocale which, on departure from the theorstical
state, is asymmetrically loasded (the medium being, of
course, subject to zravity). It takes the action of a
constant interference force or the reference point to
force 1t out of its theoretical position, but the scale
accumulates asymmetric weight thereby until equilibrium is
restored. The substitute system therefore acts exactly
llke the actual rezulatoed system, Xven the necesslty for
ropresenting the displacement effect by ar auxiliary force
corresponds to the anctual conditions, for without energy
input no undamping mctinn can develop. The conditions by
directlonal control also are correctly and plainly repre-
sentod. By conjugnte sotting the dircctioncl control 1is
cccompliched by shifting of tho hinge point of the spring
representing the resgulator resetting offoct; on pressure
and temperaturo rezulators tho spring -~ not adjusted with
1t, end reprosonting tho raturnl resetting adllity of the
system - acts against such an adjustment. This condition
does not exist on the rpm rejuletor or on the nutonatic
directional control; it is absent also 1in the presence of
displacenent effect, since by directional control the ad-
Justment of the ponition of the integrantion device:.itaself
effects o directional control.

%) Actunl Regulator

The actual regulator, contrary to tae faultproof reg-
uletor, 1s subject to faults whioch apvear as departures
from the Soverning principle in consequence of manufactur-
ing defects and type characteristics. These departures
or'"errors," as they are termed hereanfter, fnll into the
following 3roups:

Ihe_sluggish regulstor: 1Its control link does not
asgume the faultproof setting 1N, but 2 setting Te*.
linked to the theoretical setting 1, through .

’

'6;1:5 + Mp =10 . (21)

‘ b - » -
In equatlions (1) to (4) of the regulating sretem, N,
then, of course, substitutes for J.
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. The control moves slugglshly ‘oward its theorgtlcal set-
ting TN, the rate of las dependins upon the difference
betwoeen what the control-link setting lg a2nd what it should
be; the decidirg factor 4 1, termed the "inertia 4" of
tho rogulator. Aftcr intcntional removal of tho control
link out of its thoorotical setting by arrested rogulating
gystom (impossible to achleve on tho faultpronof rojulator),
tao control lirk reachos 1ts theoretical setting, accord-
ing to an e—~function. Such beheovior, for instence, srste~
matliecally occurs on the amplifier with conjuzate seittlnz oy
return notion; 1% aiso occurs on it2e amplifier witi conju-
gante running speed, encumberced with rasses.

The rezulatoer suscentidle to vivbration follows the
equation:

Teg + 2 Dg wy Ny + wy® Te = wg? M (22)

If tkcls rezulator is considerocd o+ 1tself, n romovnl of the
eontrol link from its thooreticnl scttias returns 1t nsgain
_after o damped csclllations The ciaractuerlistic quantities
of this osclllation are wp and Dy. Ecuntion (29) repre-
sents sirply the xaown form o2 the oscillation equatlon;
the foctor wp 9vefore TN must ve presext in order that

Te = N in the swing~in state. Thils nttitude is particu-

larly wanifested »~ nlmost all detectors of rpm rezulators
and, to o lesrer extent, by those of pressure regulators.
Thie principle (22) finds consideradle use on %trarnsnission
lirks of indirect re<ulatinz svestems, and espenlallr on
amplifiers ovwerating with elastic auxiliary forces (conm-
oresged air, for instance).

The control with friction requires first a certaln
minimun Zmpopulse defore it resmords. Its Pelaavlior is not
inmedlately amenable to practical mathematlicnol treatment.
Rejarding the actlion o an adjustment of effects a, b,
anéd of the regulator on the regulator process, the fric-
tion on the detector side of the ndjustment noint of these
influences makes itself felt diffeorently thon the friction
on the control-link sido. 2o bBtudy of the frictlon is
therefore divided into: friction in the detector systenm
and friction in the control link. Ther diffeor to the ox-
tent that the offect of friction of the detoctor s—stem
on the control 1link changes along with a change in re3lula-
tor adjJustment whlle tho friction in the coatrol link ro-
mains constant. Inasmuch as it is imposslidle to nroduce
bearin3i points without friction, everry rezulating system
disposes of a cortaln measure of friction,:
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The effeect of these errors on the various regulating
systems is now analyzed on the basis of the followlng re-—
strictions: There 1s no outside disturbance t of the
equilibrium; no directional control { of the proecess 1s
required. It is further assumed that at the moment only
one type of error occurs, which brings out its effect un-
restrictedly. TFor the rest, the characteristic effects
of the individunal groups of errors overlap felrly.undle-
turbedly. : '

The running-speed regulator is no longer dlscussed as
rpm’ reguletor and asutomatic directional control, after
having proved its impracticabdllity on the faultproof regf=-
ulator, The results are illustrated in tables. The dls=-
cussion of the results 1s less with respect to the sffect
of the constants T,, Ty, M, ¥, 2z of the regulating sys-

tem - whose effect on the regulator process was essentlal-
lv disclgsed by the faultproof rezulator - than wlth a
view to the modification of thlis vehavior by the errors of
the actual regulator. For ldentification of the govern—
ing principle, the faultproof principle is employed; in
the study of tebles IV to VII, for instance, 1t 1s to be
noted that the faultproof prirciple, as a result of the
error of the actunl rezulator (equations (21), (22), (39)),
1s now, naturally, no longer the real one, but merely the
deslired correlation betwcen phase quantitlies and rudder
settling.

o) The Sluzzlsh Rezulator

The sluzglish reZulator shows a lag in the control
link relative to 1ts theoretlicasl setting. Thus it un-
damps systems susceptidle to vidretlion and mokes aperlod—
ic, systems susceptible to vidbratlon (because when the
system passes through neutral the control link - because
of inertia ¢4 -~ still has a deflection that drives the
asystem to the other side beyond the neutral position)m
Durling an osclillatlion, the sluggish regulator evinces a
l1ng in phase eghift a, ond a reduction in amplitude for
the control-link motion. With

n
Ne

Mo sin wt

ﬂfo gin (Wt = a)

equation (21) gives the phase displacement o at
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cot a -=l Tl-d)
and the reduction in control-link amplitude at

nfo = no -co8 @

From this 1t is avpparent that with rising frequency w,
and inertia ¢4, the phase angle continues to lncrease
and finally reachps the value =/2. The amplitude Tp
continues to decrease at the scme time and reaches zero
when the phaso angle hag reached the value. n/2.

The vehavior of the sluzgish rezulator 1s appended
in tevle IV. ' .

Prespure regulgtor: Ths combined equations (1) ‘and
(21) and principles (5) to (7?7) yield the equations:

Gdverning Principle Rejulated Svsgtem
=N=a® . BT,P + (324T5)9 + (z+a)dp =0 (23)

“N=a® + ¢ S P dt 4Ty + (dz+T,)p + (z+a)p + cp = 0 (24)
~N=c [ @ at AT, + (Jz+To )P + 2 + o = 0 (25)

On a regulator witi conjugate setting, - TN = a @, the
pressure rezulated system is now susceptlidble to vlibra-
tions (equation (23)). The characteristic quantities of
this vibration are:®

.

4
Bquation (23), transformed, gives:

$ + dz + Ty o z + a

3T, °7 M;-'p=°
whence

2D w, = 2;—%225
and




NACA Techni val Memorandum No. 966 37

D:l-:!'- id'l'gL
"2/ (i+a) 8T, -

—=—
g + o (z9 + Ty)
we = / ‘ﬂ'I'a_ b 4Tﬂ +

At first the damping decreases asg the inertia @ 1increas-
es (ns o result of the undamping effect of the lag3ing
phose of the "slugsish" control link), thern increases
(since, by further increasing € +tke amplitude of the
control-~link motion decreases consistently and so lowers
the undamping effect agalim despite the Ireat phase dls-
placemert), Under high load the damping 1s great, since
then the natural (not phase-salfted) resetting abilit; of
the system is great.

On the regulator with conju%ate running speed, = T =
e /P dt, the pystém previourly suscepiidble to vidrations,

now displays increasing possibilities. The demping 1limit
follows Trom equation (25) at™ :

v 22
3o

= /-2 = &
ﬁTa oz + Ty
With increasin3 regulator inertia &, 1ts action (c) on
the regulatling syetem must be contlruously roduced, in

order to avold increasing osclllations. However, a finite
amount 2 /T, of dlsplacement effoct ¢ can bo left,

even by infinltely Zreat inertla bocause, wnlle at verr
great inertia the phase differencc is closo to w/2, the
deflection of the control link itself has abated consid-
erably. Here also thls limit lies by €reat load at great-
er control effects; bdr vanishing load 3z, dJamping is
wholly inmpoesidble.

»
With @ =@, sin Wt from equation (25), the equations are:
- - w3d Ty +weg =0

c

- wB(dz + T,) + ¢ =0

Hence the values glven in the text.
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For ~MN=a@+c [ o dt, there appears a mixture

of the above phenomene. The refulnted system can execute
incrensing osclllations; the dnmplng linit lies, nccording
to (24), at:

0= (z‘l'a-)Ta_
c Ig - za -az

w=/E_+.£-=/t_—_—_‘i__
N 6’1‘& éZ"‘Tn

By increasing inertia 4, elther the dlisplacement effect
c, mnust be lowered rgaln or the resetting effect 2o in-
crensed (because iis effect anproaches the actlon of the
systen with pure setting control, T = o ®, where contin-
uous d~npin3z prevails). Since the pressure-rezulnting
syatem dlsposes of 1te own resetting adbilityr, a certain
amournt of insrtla ¥ 18 poermiseslbie even by vanleaing re-—
settlng effect a, 3ut whern the netural resetting adbll-
1ty becomes zero br wvanlshinz load =z, a cerinin reset-
ting effect o of the regulator, must be availndle. If
lond =z eoxcoods tzao wvalue,

=..a+/7£“
Z 5 Z + ¢ Ta

wilch i1s equivalent to a resetting effect =a <greater than

m
2

tnen danping 1s alwars present, oven d» infinltely great
inertia 4. Then tke undamping effect of inertia ¢,
which bocomes smaller agmin as 4 increases, is no longer
surficiont with respect to the (not phasc-changed) natural
resetting force of the regulating systom to produce in-
creasing oscillations.

rpo regulator: Theo portinent equations are:

Governing Principle Regulated System

~N=a® 3 TP+ Ta® + 2@ = O (26)
~M=ap+c/Qat &T,®+ To@ + 8P+ cP =0 (27)
~N=0/oat 3. Ty + T +ep =0 (28)
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The slugzish regulator with conjugate setting makes the
erstwhile aperlodic aystem susceptible to vibratlions dy
1te own inertla (equatlon (26)). ~The characteristic.quan-
titles are:
1 T
D = it - |
=2 ad

w, = & o 1
e 3T, prL

As 9 4increases, the damping of the rezulator process in-
creases ard does not rise agaln as on the pressure regu-
lator. It lacks the inherent resetting avility of the
regulating system; the regulator resettins effect a can-
not revlace it eince 1t is phese-shifted, and so appears
undsmping. Greater resetting effect a therefore actual-
ly reduces the damping. 3y increasing starting time Tj,
the damping increases, as on the precsure re3ulator, for by
great T, +the control vprocesses are slowed down, hence

the inertla effect 1ls less.

Tahe slugiish rpm rezulator induces the proviously un-—
dempod oscillatirg syvetom throush its phaso differonce of
the control link (aquat on (28)) to continuously increasing
oscillations (also troatment of (20)). The sluggzlsh regzu-—
lator with conjujate sotting makes the system, alreondy
susceptidle to vibratlions, amonablo to increasod vibra-
tione (oquation (29)), with a damping limit at:*

M2 i

.'J,=T+3--ﬁ

W = _aN _ ¥
Jau+1 /3
Bv incrocsing inertia 4 of the regulator, its effoct ()

must, on account of the undnmpirng action, be contlinuously
reduced, in order to avold increasing vibratiors. However,

*Tith ¢ = @, sin wt, equation (29) gives:
- w2 (M + 1)+ a¥=0

giving the relations in the text.
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the volue need rot fall below .a = HB/N. even ‘by. the great=
est ¢4, s8lince the erfect of the control 1tgelf dimin- -
ishes ns ~ result of the lowered control-link cmplitude .
perceptible at 3rent 4. 3By 3reat dampini capnclty X

of the veihlcle (or by great dnmping effect b of the con-
trol), the resetting e?fect can agaln be chosen zIre~ter.

Tith - NM=ao+ ¢ f @ dt, the previously suscepti-

ble svstem has become capnble of increasing vivrations.
The dorping limit followe from equation (27) at:

a=¢ 9

/ ‘E
Ta

Aa on the pressure rejulator, the ilsplacement effect ¢
must be reduced, or tke resettirng efrfect a Iincreased
wihan 9 increases. Eere the darping limit is unaffected
bv the reqgulating srsten (quantity Ta ie nonexistent).

The reason for this 1s that at short starting periocds T,

hl3h frequencies w, and hence .urge undeampine pnage an-
Zler occur on the control link becnuse of the inertla 43
b> lon% starting periods T,» the frequercles w are

low, Pubt the undamvning nhnse angles are large as a result
of the then-great disvlacement effect c.

€
]

Temperature rezulator.- Ho analyslis 1s needed. 1Its
processes talke place 1n time iantervnls Zor whlch the time
las, even bv awkward control arrangement, plays no part
because of inertia 9.

tions are:

Autonmatic directionzl ggntrgl .~ The pertinent eguan-

Qm;_r_tlz_li_zr_a_ip_lsz BRegulsted Svstenm

-N=a® a.fc};' +(6u+1)$ + u§>+am) =0 (29)
~M=ap +c /o at S IV )+ (Bu+1)§ + UG + aN +cNp =0 (30)
- MN=c/f op at 6cp(IV)+(au+1)cp + L¢+ NP = (21)

By conjugate running speed, previouslv increasin’ o8-
clllaetions are now naturally much anplified.
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With = MNM=ae + c¢J © dt, the possidility of in-

creasing Jsciilafﬁ&ia‘iéﬁaiﬁs. The damping limit follows
from equation (30) at:

SEDIELWVATORE)

This lmplies a certaln zone for the resetting effect a,
which, if exceeded or fallen short of, shifts the control
process Iinto the zone of increasing vibrations. The re-
soetting effect a may not exceed a certain limit; other=
wlse, 1ts undamping, phase-sghifted offect on the control
link drings tne system to increasing oscillations. 3But
another limit must not be fallor short of, since dy too
little resetting offect a, the undamping actlon of the
displacomont effect ¢, predominatos. Honco, with in-
crensing ¢, as with increasing ¢, the useful range of
a 1sa curtaillod.

The beaavior of the slugzish regulator in tadle IV
agaln shows the correctness of previously chosen segquence?
From pressure control to automatic directional contrel,
and from setting control to running-speed control, the reg-
ulator process becomes consistontly mors unfavorable.

B) The Regulator Susceptibls to Vidration

The natural oscillatlions of tiae regulator are impart-

ed to the rosulated systeme. This reoacts back by way of

the detectdr on the resulator, through which frequency and
dampini alone chanie with reapect to the values of the
rejulator. Since everyone of the regulating systems re-
ulres a certain time to become fully effective (equations
%l) to (4), and tadle I), the damping on the regulated sye-
tem is impoired or even annulled. If the resulated system
by faultproof rezulator was already susceptidle to vibra-
tione, thls vivration form 1s retained, and a second form
of vibdration arising from the natural vidbration of the reg-
ulator is superimpossd. At vory hizh ratural damping Dp
of the regulator, i1ts vidbration attitude 1s olmost com-
Pletely suppressed; 1t changes to the sluglgish regulator.
There usually 1s a certain damping Dy =zone which may not

be exceeded mor fallen short of, In theo latter case, the
enorgy wlthdrawal throuzh insufficient Dp 18 too little;

1f exceeded, the undamping through the grent phase differ-
ence 18 excesslve. Since the phnsc difference Zrows.as
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the displacement effect ¢ increasés, the zone shrinks;
startlng from a certaln displacement effect, the damped
gzone disavvears completely, leaving only increasing mo-
tionse. The transitlion to infinltely high natural regula-—
tor frequency wp leads to the faultproof regulator, since
by infinltely high natural frequency wy, a "true" repre-

sentatlon of the orders follows. Table V shows the con-
trol effect (a and ¢) plotted agalnst damping Dp for

different natural frequenciles Wy; the posaidility of 1n-

creasing oacillations exlste in every case, the graphs
therefore reprosent a damping limit.

Pregsure regulator.~ The relative equations are:

Governin3 Princinple Rezulnted Sysien
-N=aop " 0+ (s +2DqwpT, Yo+ (2Dgwpztwy T, )P

+wpf (z+a)p=0 (32)
~N=ap+ec/foat 7,017 (@+200u0pT, )or(2Dguwpz+wy®T, )P
+wRF(z+a)¢+waac¢=0 (33)

c [ o at @ (Ve (2 +2Dpwp™, Yo+ (2Dguwpz+wpT, )@

4
e |
]

+wRaz$+ngc¢=o (34)

The damping 1limlt for the regulator with conjusate
setting follows from equation (32) at:*

*With ® = %, sin wh, equation (32) wives:
- w3 Ty + w (2 Dp wg z + w2 T7,) =0

-~ w? (z + 2 Dg wy T,) + wp? (z+ a) =0
hence,

2 -
w? = 2. DR Wy zHwp® T, z + a wo
Tp - E + 2 D Wy T, -

A socond.transformation gives:

2 Dy Wy z+:)33
Tg Wp

z +a = Ta (z+2 D wy T,)

and
(Continued on p. 43)
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. znl . - ! . - . )
+ 2 + T, W

bk TR LR} “ A -

I a 2D ]
W = wre (z+a) - wRB + R Wa
g + 2 D wy Ta Ta
From this 1t is apparent that with increasing bn. the -

action of the regulator on the rezulatins system (its re-
settirg offect a) ean also bo incrensed (since by freat
Dy, mnuch enersy is witadrawn from the dack-and-forth

swinging regulator). Iikewiso, tho resettinz effect =a
can be choeea larze by hizh natural frogquency Wy of the

vibratlon—susceptidle rozulator (Dbocause tyan the rosula-
tor follows its orders quiekly ond roadily). 3ut the sanme
ls posoldle 2lso b7 vorr low Wps then the resulator

svings so slowly taat the rezulating system has time to
follow its oscillaiions fairlr true and vwithout appreci-
nbly undarmping them. Because of the then abnormally slow
rejulator recponse, the lntter setting 1s, ¢f coursse,
oractlically uneless. Urder smnller lond 2z, the reset-—
ting effect n must be chosen smaller (since the system -
because of tho then-lower resetting force - follows the
frulty one of the regulator now more rendilr). The same
influence as the natural frequency Wy 1s shown by the

starting time T

a+ &rd for the very same reasons,

For the runninfg-speed regulator, equation (34) gives
the dampinzg 2limit ate*

(Continued from v». 42)
DRB )
+ = (2 + 1 + 2 T
x a<Ta.U'h (z +20Dg Wy T,)
whence

Dy, 22
+a =2 -8 + 2 +4D% 2+ 2 D wp T
z a T, Wg Z Dg~ = R Wg Ta

ard finally, the wvalue shown in the text.

L ]
Assuming an undamped oscillation as dbasis, equation (34)
Zives:

w* Ty - wB(2 Dgp wp z + wR® 2,) + wp® ¢ = 0O
- w® (2 + 2 Dy wy Tu) + w wRa g =0
(Continued on p. 44)
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wpeE 2 Dps . T, 2 ]
c = a bl
g + 2 DB. wR Ta wR 2 4+ 2 :DB. wR Ta

- wp %=
w= z + 2 Dy Wy Tp

_ v/rénhwnz + wR? Ty - (2Dgwp= + uma @g)a _ cwRa
= 2Ty 41,2 Ty

It 18 seen that the possidble displacement effect ¢ 1in-
creases at first with increasing damoing (because of the
increased enersy extraction), ©dut then drops acsain to the
value z2/T; of the sluggish regulator {since ultimately
the undamnning actlion of the coneistently lncreasing phase
dlffercence lag of the coatrol link outwelshs tae enersgy
removal). Theroforeo. o ziven displacomont offect e, 1f
damping is at all possible, rosults ir a certain damping
zono Dp, which mav not bo abandoned. Thls zone increased

with tho naturnl froquencyr wp;: 1t le also more favoradlo

by groat load. This is asscclatod with the apvoarance of
two naturanl oscillation forms - one due to the regulator,
the other to the arsten.

"For = N=a@+c¢c/ @ dt, o damping iimit follows at:*

(Continued from . 43)

From the First, ¢ fFollows at:
T 2D,z
4 1g a i
c == W =2z + W -o— + T
Wy R &

from the second W® follows at:
UJRa
Zz + 2DR (.UR Ta

which, inserte¢ rfor wa, 2ives:

¢ = 5" 21:Rz+tl.‘)'--—ﬁv--‘-,T °R
+2D T w & m )2
z+2Dp wp Ty ™ Wy Wp" (z+2Dp wy Ty)

*With equation (33), tae formula @ = P, sin wt vields:

[

z‘-l

UJ4'Ta - wa (UJRa Ta-l- EDR(.UR ) +(.UR2 c =0

- w® (2+2Dp wp T,) + W wy? (z+a) = O
whence

” Z
. 2Dp WR Ta (Cont. on p. 45)

uhr.!



NACA Technicnl Memorandum No. 966 45

_ (s + 2 D5 wp 7,) (wp" Ty + 2 Dy Wy x)
a”BF Ta

iv//(z+2 anhTa)E(u%fTu+2 annz)a c(z+2 anaiu)a
2 = e ()
4wp T, w

w.2 (z+o)
w = ol =
z + 2 Dn wp Tq

/:h +anauhz,/(wamk+annu;3z)a_ c .2
4 T, T, =

The result is a linited zone for the nossible resetting
elfect a of tte rejulator, due to the exlistence of two
forms of osclilations in tho resulated system 1tself; one,

which had ealreadyr appeared on the faultproof regulator,
tho other havinm originated fron the naturel osclllation
of the regulator. Choosing the resettinzy effect a too
high, causes the natural oscillation modo of the rogulator
to incroase (because of the incroasing frequeancy of the
rogulatling procoss and hence, of tho phaso change of tho
control link). If chosen too small, tho osclllatior of
tho cystom incresses (bocnuse the undampins displacoment
offoct bocomos too nctive). This permissible zono of a
resottlng effoct a Dbecomes wider as the dlsplacement ei-
fect ¢ decreases (ultimately passing into the zone of
the purely conjugate setting), but it also widens out dy
increasing Wp. It shifts to higher values as D in-

-creases; for 1n tgat case both limits increase (the oscil-

(Continued from p. 44)
The frequencv is:

Ta

whence

(wg? T, + 2Dpupz) (& + 2DpwpT,)
2Tg wgx? B

a =

iﬂ(“’RaTa*'EDRWR’) (=+2DpupTy ) ]B - c(“zDR“’RTa)i
2TauR” Toug"
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lations of tho swstom bocnuse of tho Srowing phase change,
the otaer = more ranpid rogulator oscillation - becnuse of -
tho accelornted enorsy roroval). The range skhrinks to
zero when

(wRa T!\ + 2 DR U)R 5)8
4 T, wy®

c >

The rpn regulator.- The equatlons are:

Governing Principle Rosulated Srsten
-1 =ag P, P +2T, DgWpPHT, W Grawy @=0  (35)
~N=ap+ec fodt T.0(IV)r2n DoophT, wy®e

+ awy® cb+ch_a =0 (36)
- TN =c J @adt (irpractical, sinco it puts the rpn

control under continurll™ lncrens-—
inz ecnplitude)

The ronm regulator shows, consistent wiith theoryr, the
bohavior of the pressure regulator by zero load. The set-
ting rogulator shows a damping linit at:

AL N
W= d/r; Dp Ta B

The permlssible resettinz effect & 1ncreases with in-
ereasing freouency Wy, and incroased damplng Dp. It

It must to kept small_by lowv frequency wg; the only re-

setting force is that from the roezgulator, and it shifted
consideradbly in phase at low wy.

The nrinciple ~ T =a o + ¢ f @ dt shows, as on the

pressure re3ulator and for the snme reasons, a gons for
the resetting effect a.*

*

The relatlions for the rpm regulatm can, as alwars, be od-
talned from those of the pressure resulator by putting the
load zZ = o.
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4c Tp)\
o ) a = DR UJR (Ta * ﬁaa -‘__1_(1)"3 —a}

P

/o a
w#/— E.,B_:I:wn l
Dy Ta 4 Ta

Here the zone tapers toward the szero voint, since the rpm

regulating system, having no resetting avlliity of 1ts own,
cannot function without regulator resetiting effect a. An
analyels of the running-speed refgulator is omitted for the
same reason. The damped zone shrinks to zero when

U)Ra Ta
c > — 2

Tennorature rnagulagtor.- An snalysis of the temporature-
resulating ersten wlith rogulator suscoptidble to vidbrations,
ls gupoerfluous. Rolpotivo to thoe timo intorvals within
which the rezulating processes transpire, all natural fro-
quencieos of tho rosulator nre so rapld, that they are nesg-
li=zidble.

Autonntlic directional control.- Tae portinent equa-—
tlons are?

Governing Principle Regulaied System
- M =ap cp(VI)+(u+2DRwR)cp+(2DEuhu«uRE)5

+uhau$+uhaan$=0 (37)

av+c foat ofT) +(u+edguy)o(TT s (2Dguphtewp®)e

!
=
]

+wg® MpHwg® aNP+wp®cl=0  (58)

-N=o0¢ foadat (impractical, since it puts the auto-
natic control under cont‘nually
incressing amplitudse)

The.rezulator wlith conjJugate setting shows o danping 1linit
at:

IllSee footnote on p. 43,
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a
" W M 2Dgkt + ua)
R . TR T E

1 a -
= - 3 -

/H“’R
= H + EDRuh

2Dpwol + wyd = 2
/ R‘”Ra B » /% (2Dpupk + wg?) - aNwg®

The resetting effect o of the regulator can there-—
fore be chosen so much Zrecter as its natural frequency
wp 1s higher. The damping DJp mnust remaln within ~ cer-

taln zons. If it falls short of this zone, the energy re-—
moval 1s no longer cufficient to damp the ra»nid neturel
oscillation form (of the rezulator). If the zone is ex-
cesded the slow oscillation form of the srstem ls ncceler-
ated by the 3reat phase lag of the control link. 3y infi-
nltely great darping DR' the process cihanges to thet of

the sluzzish rogulntor, with a damping lirlt at

-
i

< EHe
& <3

(Footnote from v. 47)
Equation (37), together with ¢ = @, sin wt, <gives:

w* - w2 (2Dpwgd + wyp®): ¥ wyB a¥ = 0

- w3 + 2Dqwp) + wwp? M = 0

whence
4
T ) ~ 2 £
CI-H:—'—E'F(.UH <—DB-I:+1>
Uy Wy
and a
w? = 23 E
L + 2Dy wy

which, insertod, lanves:

w ¥ - 2Dp wp M+ wiu
&
(i + 29 wy) M + 2Dy Wy

all = =
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For = Naa + o f ® dt, the dampirng limit lies at®

2 i + 2Dgwy

/ () - '___c_II__T
M + EDR“’R M+ EDEUJB

The- behavior is similar to that of the setting regu-
lator. But now the permissible range for the resetting
effect o 1s curtniled, even for small values. As oa the
frultproof resulator, o must not fall below a certain
anount, or the undamping displacement effect ¢ Hecomes
prodominant. The range within walch a nust remain, de-
cories contlnuously smailer as ¢ increcses.

ol = %: (2DBM + U)R)B

Y) Regulntor with Friction

Hore we difforentinte betwocon friction in the detoc~
tor svsten nnd friction in the control link. Friction in
the rogulator monng that its coantrol link dooe not cssune
an exactly definod setting dut can fluctuato within a cor-
tnin rongo nround tkre tacoreotical setting. 3By changing
theoreticrnl metting, tho control link 1lags to tao arount
of thls zono, so thant tho nctlions of the regulator with

»* .
Equation (35) gives:
- (wp® + 2D3 wp ¥) W3 + ¥ wp® W =0
w* (¥ + 2Dg wp) - wg® M WR + W oW = O

4 2
wa=2]’3“’32“+“’3 i/%(EDRu)RM+u)Ra)8-anRQ

1 ( WK ) cN unp®
2 Y ¥ EDR UJR M + EDR wg M + 2Dy wy
Equating these two vnlues for w2 and squaring, zilves:

(20 wg ¥ + wp?)" = o wp® =

_[2 wpd M _2D3 wp ¥ + wpe
2 M + 2 Dg wg 2

(Mwaau N cn‘—r-']“
/ +2DRH-"3, ¥ + 2DR WR
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friction nre likely to be the smme as on the sluzllish reg-
ulator (which la5s ~lso). In fact, the ensulng cnlcula-
tion showe that oscillations of the faultproof regulated
system are undemped br the rezulatow friction z2nd aperiod-
ic motions are made susceptidle to vidration. Since the
amount of lag due to frictlion 1s constant, its e fect at
great departures is small and becomes perceptidle only or
small departures; by further increasing deflectlions @
from the theorotical state tho system changes to tho fault-
proof regulator. Tais monns that (after a disturbance,

for instance) the deflection process is initially *he sarme
as on tho faultproof rezulator ard evincos departures fron
it oz=ly br small doflections which, howevor, may then be so
severe tant the rezulated system remrins in pormanent os-—
cillntlons altogethor.

For oscillntions the conditions accornpanying frlc-
tlon cen dc roadilv approxzimatod. Tho course of n conm—
and @ from tho dotector altorod by friction effects,
can be roprosortcd dr two siro curves @ (fi3, 3) nodi-

fled 1n phose ard amplitude with resmcet to tao thooret-
lcal curve: One, the first approximetlon, represents a
value that 1s too aigh; the other, second approximation,
represents a value that is too low ~ placirg the true con-
ditions by friction between both and so forming a linlt.

Preserving the essunmption of a periodlc solution, the
two approximate curves cen bs looked upon as a solution
of a differential ecuation of the form:
d‘¢f + cP:E' = 7P ’ (39)

where quéntities d and e nust satlsfy a speclal rela-
tionghip, TFor harroanlc notions:

® = @, sin wt

Pr = Pr sin (Wt - «)

i1t rlelds:

-

gnnroiigatiqn l.~

dw Pz, cos (Wt=a) + ¢f° sin (wt-a) = e P, sin wt

hence,
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cos @ = @g / e®q
On the other hand, the aepect of the curve (flg. 3) indl-
catesn

sin o = 23 hence cos O = 1l - GE{T
Do’ ' Po

leaving for 4 the vailue: -

Pr 1
¢ = (gF S N
) Ww /1 - cpr\a
P/
with P, denoting the amount of chanze of state necessary
to make the friction—-encumbered regulator respond and

serve as lndlcation of the amount of friction. In addi-
tion, the approximation curve pg 1n the firat approxima-

tion 1s to be so placed that it intersects the theoretical
curve @ 1in lts maximum amplitude; thereby it prooadly
indicetes sreater deflections than the curve distorted by
friction. Thus, we obtaln:

1)
¢f° = ep, cos a = g sin (2 + m)
hence, e = 1.

For periodic solutions of the regulator process, ac-
cording to approximation 1, the behavior of the friction .
should be approximated by the differential equation (where-
by, for reasons of simpliclty, ¢b/¢ replaces ¢b/¢o- end

¢ represents an indicntion for tho departure from the theo-
retical state instead of a time function).

/?3<—— w#w

: App-ggimg ioh 2.~ Here the equation reade:

(40)

dw Qf- cos(wt - a) + Pr, ein(wt - a) = ey, sin wh
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With the phase d1fferénce f; .agala at (fiz. 3)
sin o = Pp/Pg
the value d amounts tal - |
: % ._1

But with the maximum deflection Pz, chosen at @, = ®y,

we have:

QDfo = BCPO cos m=cp° - Qr

o = (1 -2 =
(1 mb) V1= (ep/w,)"

hencse

For perlodic solutions of the control process by the sec-
oné aporoximation, the attitude of the regulator wilth
friction 1s approximated dby the dlifferentlal equation:

Pr 1 . _ Pr\ 1
® ——‘——'s°"f+q’f‘<1'7$} =
o /2 - ) /-G

The firal results of the analytical calculation of the
regulator with friction ere appended in tables VI and VII.
The dampip® by damped processes and the damping 1lirit of
emplicatlive processes are shown plotted against the ratio
m/wr of momentary devarture ¢ of the state to friction

zone * @.. The epace between the two curves of fftst and

second approximations, within which the actual curve fol-
lows, 1s 1ndlicated by crosshatching. The study was made
only for the settinzg regulator and the running-speed regu-
lator; it did not inciude the princivle - N =ap+c f o
dt, the behavior of which 1les between the other two.

o (41)

If, in the treatment here, a damping limit 1s reached,
then both approximations show tae same frequency curve.
In that case the phase shift « for both approximations
l1s the same and the vector related to the permanent os-
cillation closes momentarily only by a phase difference.
As to the frequency curve w = f(¢/¢r). it should be noted
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that the frequency w 1s valid for the damping limit, and
therefore can be traversed only by a cahange of ¢/¢r con-—

.eurrently with a change-of -a, ¢, Z,., etec.

Presgure regulator.~ For the pressure regulator with
conjJugate setting, the eouations:

Tap + xp = Ty (1)

= Mg = o (5)

ﬂq.)f + Pp = 0@ (39)

give the equation of the friction~decelerated pressure
regulated srstem at:

Apnroximation 1:

Bhomt (P e s n) 8
V1~ (or/9) ® Y1 ()"
+ (2 +a) p=20 (42a)

Apvroximation 2:

Pl Ta 3+(% 2 1 -+ 1, )%
S (v )" WS- /)R
/ Ppr
a (1l - —
+( z + ( q:) ® =0 (421)

J1 = (e /)"

Equation (42) staotes that the resulated system 1s suscep-
title to vidbration, hence the use of the approximate meth-
od 1a Justifled. The charactaristic quontities of this
natural osclllation are:

l"E‘J.'UJJJH‘-OH (42a) gives for approximation 1:
+
|”§ = = a v//~ _<:¢r>
P
® Ta o
- CPJ:, . f_(gj
a Py

(Cont. on ve 54)

OEIOE
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, Apﬁ?oximatibn_lf _ , , .
. e —— s -E W n N
Qi‘=|_=v_=:-=fna T =TI T
t/1 - o° .1 - D8 z + a (1.-.2%)

wy = z*T e v//(—— ) -1 x (1. - DB)
a-

The evaluatlion of the nbove Formulas (table VI) shows that
with decreasing o/, +the damping .D itself decreases

(Footnote continued from p. 53)
hence for the frequency:

w ———
_2=/1-D

Yo

wy = & /(cpr -1 x (1 -0%

Or the other hand, the introlduction of the same relatlons
and of this formulas for wg 32n the equation for D give:

D =

3z 1,72 __.TA i — + 1-D ) . 1
Ty vV 7 D z+a 1-D2 [ - .. 2 T

/()-1

nj=

and after a few ~hanges:

(@S -Duom = /(@) -y e xe+ 25
hence /((q}_r)a - 1) (l-D ) =Dz fDa - ;‘:_a

After dividine Dby J 1 - D and rearran<ing, we find the
value for @ /p, as 3iven in the text.

]
o

For approximation 2, the sanc calculation process gives
the frequency w, at: '

AT SN

The calculation for damping D affords; (Cont. on p. 55)
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(since by decreasing m/wr the undamping phase shift «

increases). By greater departures from the theoretical
state tho process 1s aperlodiec (since the effoct of tho
rhase displocoment a due to frictlon is small by ‘grent
deportureos; ein a = @r/w). Br very small departures, ¢ﬁp

from the theoretical state, damping D is greater a:ain
(becauss by emall deflections the control-link amplitude,
walle belng materially distorted, is consideradly weak-
ened and can no longer bring the regulating system with

1ts own regsetting vpower to overswinging; ultimately the
process terminates in a dead zone @ = x* ®Pp. With lncreas-

ing load 2, damping D 1increases because of the then-
increasing natural resetting abllity; D 1likewlse 1ln~
creases by decreasing resetting effect a, where the very
distortion caused by frictlon makes the systenm auscontiole
.to vibration.

For the running speed regulator, esquatlons:

Mg (1)

TP + 2P =
-~ Mg =c f pp dt (7)
dde + Qo = 8 @ (39)

2lve the formula of the regulatad system at:

Approximation 1:

=

w—' ——____ _____ a l.$ + .é -HcCPBO
1-(“’) \“’/1"(’") / (43a)
(Continuation of footnote from p. 54)

(( ) - 1) (1“”2 - /((%a -1) (1-0%) x 2D
+ @_).‘1 - o
“TEr

wihlch show the values of damping D to be greater than
witha approximation 1, but otherwise with the same curve.

Pr Ta +(
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Approximation 2:

w
a5 + | Ty | P
AT e
+ zp + _f_(l - “—) =0 (43D)

These formulas state that the a1ready—suuceptib19 svstem
roefgulated as faultproof, now discloses the possivllity of
lncroaslng oscillations as a result of furt?er undanping.
Tho damping limit follows “rom oquation (43) at:*

——

*Tth o = P, sin wt, equation (43) gives:

Approximation 1:

-ws.?!. TQ.'______+UJZ=O
" v/r——— P2
w l - —(.'5-)
-~ w?® /91 B =+ Tg |+ 0 =0
hence ' v — .

[ 1 o ()
J o1 (q:/
Approximation 2:
- wd 2z Ta____ =+ we =0
P Pr
P
/ %% Z 1 - 7%
+ T + c =0

(Cont. on p. 57)
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Approximatiorn 1 )
L wB S eaNB L
. o E° (1) '
Ta wr ' L] .

a
W= - (ﬂl)
Ta Pr/.
Approximation 2:
-1
\a / (f&-)

:/%8”

The evaluation of these formulas (tadle VI) shows that damp-
ing alweys exiate

E
|

c<c =_.
Ta

(Contiruation of footnote from p. 56)

hence ———— e
= 2 2 - 1
w (cpr

2
c—&'-_

inserted
_____ _q_)lz (CP
- P
1

a
+ %ﬁf— (<¢r> 1 - %
®

whlich, abbreviated, zive the values shown in the text.
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At subetantially greater ¢ values, pgere is some damping
by great ¢ (since then the oroportlonate effect of fric-
tion @, 18 quite small); but the deflectlon process does

not terminate in the dead zone but rather i1s mailntained as
Pernanent osclllation (since by the-then-small deflections
P, the pirase-shifting effect of the friction is propor-
tlonally strong enough to maintanin the systenm in permanent
oscillations), This danger of permcnent oscillation.in-
creasesg, of course, by decreasing load 2 (because the
nntural resstting ability of the svstem dirinishes as the
load decreases).

The rpm regulator.- In this case the equations of the
refulated system rend nos follows:

Approxinmation 1:

Pr To, . 'q', + Tac:) + op =0 (44a)

e e et e et et ™

In this case also the rozulated svatem is found to be sus-—
coptiblo to vibration, hence the application of the approx=—
inato mothod 18 Justifiod. Tre charactoristic gquantities
of the oscillation are:

Approxinantion 1:
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v

Approximation 2: - -0 -

D =

€
]

L
8 Ta.

No great danplnsg D

@/ +8 -

‘@) -1

(gl; - 1) x (1--13'?).

69

existes now by small deflections

¢ﬁ?r, (because the ‘lnagront resetting offect of the regu-

lating syston 18 lacking, whlch on the prossure re3zulator
effectuatod at this point n second rise in damping).

great ©/p,

the effoct nf frictlon P

By

is provortionate-

1y so small that the control process becomes averiodlc.
The danping (for whaleh both approximntions yield the same
formule) continues to decrease with decreasing deflections

?/P5,

since the total resetting effect of the rezulated

system traces dack to. the consistently distorted resetting
how-

effect of the regulator,

ever, ore not wHossldble.

Increasing oscillations,

Temnerature rezulator.- Equations for the regulator
with conjugate settinz follow from (3), (5), and (39) at:

Approximation 1l:

r—“v Ta ‘ees

Pr
P

Pr

®

+

T

F (1, + T,)

+ .w — +T, Ta
A o (%7
,‘”/1 \qj

¥r

Approximation 2.:

Ty Tg

P

o Pp\2
“’/1“ %/

22.

P
o Jr- G

\q'a + (1+a) @

o /-

5

=0
Fro(p_ o+ 1)
v a A4
+ (2 + T, Ty |
/ ?3)®
w - (X
ARIC: _
. . 1 =%z
+ T, + Talo + |1 +a P
' 1 - 9.1_'2
P

(45a)
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Both siow taat the vidbration-suscepitidble:system w;&h fault-
proof regulator now manifests poteantial increasing osclllaw-
tions as a result of thse friction—-induced lag of the con-~
trol linkx, The related damping limit follows “rom esqua-
tion (45) at:

Apnroximation 1:

Ty + Ty Ilg Iy + Ty
. = ]2 Te Ta
'¢'4' L / a
+ (l r-"‘v""'ra.\)'_,_ 1
/\ETvTa’ <(:>a 1) o
. - v-a
r
Avoroximatlon 2
a
@y .
L4 a3 m m
a = ——% (2420 /(2 _.151_:1_1;_':9-.
ﬂ?— - 1 ‘V, <P t2 TV “a
Pr -
; - —= ——
a
. [ TI+:'a) + 1 !
Ty Ta (%2 Y -
\\@ / -1, TvTaJ

Tan evaluation of taese formulas (tatle VI) shows taat
tne resettiny effect a rey not exceed a cortaln value if
the derflection Dprocess is to torminnte in the dead zone.
If 1t exceeds this 1imit, s deflection nrocess ends in =2
vernmanent oscillatlion ' dr o > Pp - Adrittedly, by the in-

herent recettlnz adlilitr of tae regulated srstem, n dammed
zone ctn still develop o littlo outside of o = @., tut

thls cannot “e reached dr a doflec*lon from 3reatosr caan?es
of stato boczuse o zone of lncroasing osclllotlons lles bo-—
twocon. Ir any case, tacre is alwnys drmplag so long as

- T

1a appllcadble.

- For tho re%ulator'with conjugate runring speod, tae
formulas ‘rend?
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Apvroximation Y:

B T A S
v T ° = ofIT) 4 T_fv"'ma)_s_'_.mv e |
v/ 1-(F) “’/“(%‘)
! Pr \ -
+ P + T, + Ty P+ + 0P =0 (462)

Approximation 2¢

Pr Py _
Py - . o
VARCY WARIES
+, L T 4T |4 P o+ L =0
w /1. (@) J (@) -1
v ®/ / ' \%g

(461b)

Agaln !t is manifest that the resulator process has n damp-~
ing 1init which for the valueam:*

*With @ = Po oln wt, equation (46) =ives:

w* 9!. ____'l:!:T - wa . 2! 1 + TotTy |+e=0
A e
v ® P
sf ®p . TytTy
\ A (%)’ v

“\®
hence o
r

c = w2 (Tv+Tn) +

/1 - (2!)8 / 1 _i Ei 5 ®
P P
and

(Cont. on », 62)
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Approximation 1:

¢ = (w -w® o p.) + w? (T+T,)
f(e.?-\“
w=u-]-'-_r. T+EL
2 o -,

R
Te Tg ‘/.1 - q}r)

Tg) " 1

+ 1 (?Ijg (Ty +
- -“(1"0:9/ tv fa

Approximation 2:

a
/3:) o
1 cPr o
c = —=—— (w =~ w® T, 7,) + w® (T, + T,)
_f_p__l 2---1
Py Pr

w g tho samo =8 by approximation 1.

(Continued from footnoto on p. 61)

w:-.E‘Er_Tv—'-'La

P T, Ty ' N
.,/1—(&

+ Fl(cﬁ\a (7g + Tg)"
/4\q>/ mana/l..(q’rj)

In the numorical calculation, w 1s comnuted and written

iIr the formula for ce¢. Thc valuos for apurozination 2
follow from annroximation 1 when putting:

@0/ @

instead of c,
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Evaluation of these formulas (table VI) discloses for
great departure ® from -the theoretical state, the same
'"1Ilmiting conditions ag the faultproof regulator. On ap-
proaching the theoretical state, however, during the de-~
flection process, the dAiesplacement effect ¢ of the reg-
ulator can be chosen greater than for the faultproor regu-
lator; for the phase shift of the control link relative to
the factor of the state already amounts to m/2 on the
faultproof running-speed regulator. Kow 1t becomes
even zZreater, wihich means that 1ts undamping proportion
becomes less again.

Automatic directional control.—- For the settine rezu-
lator alone involved here, equation (47) gives:

Approximation 1:

EI / EI ™
@ .5 + ¢________ + 1 |o
S @ Jo- G
w /1= () W/t (el /
+ I..{("p + alNp = 0 (47a)
Approximation 2:
E.)I ,’ S:P_l‘ u \
q) o e
e © + ' e + 1@
® /1 - Cﬁ) \w / 1 - _.!j
v P \ /
e % =
+ P + aN ===y @ = 0 (47%)

There is o possibllity of increasing osciilations as &
result of the phase shift of the control link due to the
friction. The related damping limit is:

Approximation 1:

% ()
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Apnroximation 2

(2 /ff%)

_B
/(2 N -
= N ('c'p;/ -1

In any case, ¢damping contlnues to exist so long as

€
I

a . L2
<%

At sreater values a zone 1as frrmed in which increasirg os-
clllations occur whlch prevent t2e deflectlon process
(for instance, after a disturbance! from ruanning in the
deed zone. The deflection process .terminates in a perma-
nent osclllation with so nuch Zreater deflection as the
choson resetting offect a 1is groator (because with in-
creaslng a -~ henco increased frequoncy - tae natural
damping of the svetem diminishes).

Tho rogulator with friction in tho control link.- If
the frictlon is on the control-=link side, 2 change in ad-
justment (a, b, ¢) of the regulator changes the propor-
tional effect of thils friction a&s well, By decreasing
regulator effect, the proportional amount of friction in-
creases naterially, for bv srall regulating effect small
control-linict motions occur which the friction in the con-—
trol link dlstorte much more than the zreater motions oy
greater regulating effect. EKence it is to be expected
that the results by friction in the dotector svstem are
modifled to the extent tuat ther are skifted toward great-
er ® by small regulator effects. The proportionate
amount of friction is invergely proportional to effects =
and ¢ of the regulator, so that the earller results are

aepplicable 1f wvnlues ﬁf%a and ﬁf?z' respectlvely, are

used instecd of @/9,. Hero N, 1indicates the amount by

which the contact switch must bo adjusted in order to in-
duco motion on the control link. Tho rosults odbtainod
with theso new valucs aro shown.in tadle VII. Thero is,
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indood, a postvonoment of the damping linits toward Rreat-
er defloctions as tho rogulating eoffect diminlshes; the
‘dond zono within which the rogulating procoss cones to

rest 1s now boundod by a paradola ¢/ﬂr = 1/a. (By small

effoects of a .oF e, a groant dofloction nmust alroady
axist)in order to ovorcomo the friction in tho control
link,

Translation by J. Vanier,
National Advigory Committoo
for Aoronnutics.
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Automatic
Pressure Temperature directional
control. control. |control. control, |
L A

r 3

76

ey

ol
|
[}

t

-~ time
t

~“timel

t

Tables I,VII

Table I.- The regulating

system after

abrupt adjustment of
control link from 74 to 7y

¢ = Departure from
. thecretical state.
7} = Control link
deflection.

Table VII.- Control with control-iink friction.
Pressuare '

control.
Ta = const

Temperature

control.
L, Tv =const

rectional control

Automatic di-

M,N = const

Assumed tanlt-proof principle

Conjugate setting

rpm

S

Conjugate

n-ay

“Dead zone for large valves of q.

Deod zone
for small
i &('Ialues of

T

NN

N

Q

\\\\‘\\\\\\\\\\\\\\-

(f’/,)r 1 —— Sp/?/'
- Increasing Increasing
‘g oscillations. oscillations.
\
I3)
L]
[

Cross heatched zone denotes zone between the two approximations.
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Table II.- Fault-proof regulators.

Pressgure

rpm
control. control.
Ta= const Tg = const

Temperature
control.
TayTy = const

Table II

Automatic di-

rectional control
M, Naconst

o

z smafl

Conjugate setting.
n=alp+g)

Z
7
/
7
A
A
he]
-~
2
* o
S-
L)
~
:_’ — O
™
<+ w& P -
8- 1‘ (zeaysmoll Pl
o i s
1 / /7
N / 7/
/ /((z+o,)/al:ge
ay
— C
2 larye i
g D zsmall |
8 |lwe L
o |
O~
Bl ;zégr—'
a4 + ! ]
LR l |
[
.g? ! ' / I
o | I 1| 7YY N ——
1/ ‘Y I |/ D I
Yy ¥y | Vi ‘
— C L —» C - Ta

Hatched zone =gone where damping exists.

1l

Il

=Denotes aperiodic process,
=Damped periodic process.

-Undamped periodic process.
=Periodic processes with possible increase.
- Increasing periodic processes.
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Table III

xplaining the

control processes.

Table III.- Mechanical substitutes e

-
[o]
- 8
e g T 1 N| 2= N
27, R R \ N
m..m N L TR )
o T—iR L7 N
..m % N - N T- N
- r_ | (et
4 N\ 2
N AAAA (gl
m..m . N L VAR = ,
£ 5 | Y@ T =
N
gs I T \ I
HoO N
_ RN [P by
ﬂ W N N .
u 1L / L V Hll L
m.m — NN L] - ._l
. TR T T4
N h \
e 1
3 1 |
| N 5
3% L
by \ T
o~ N =
(]
N
29 \ , ]
@ o N Lo [—
g N |V SRR
Ao _ W N ] _1_[ ] <
3 L SR
g NN R [— 7, 3 ﬁ ﬂ
‘meynds Furjerndey 9 + (3rdfo=l | Jp (I+B)fHlGed)o=ls IP(S+H 7=l
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Table IV.& Sluggish control.

Table IV

NN

LLLLL L L 28l

—= 9

Bnp + =1
Pressure : Automatic di-
control. control. Temperature rectional control
Ta=const la=const control M,N=const
-
D 2 large | D a 2
2 T ’
Z I
- %
i 4
g |1 o 2 %
a3 2
¥ a 7z
2% f
o = 2 . M?
s 7
- Z Z Ll
— — O 3 —
o -]
B N N a
o aR 7 small a R ¢ large °
= ] N ©
i = | I} g=
[=} N Q [
R o W
LT N @
o © 0~
s S \ ¥
'5, > N c smal/ S A/
H
s aw=an ;2
& 2 ' ' 2
o E WA small s ] s
V] VANAVAS I -l 4':
: — 7 — o | kg
o ot
< O -~
c He
2 large 56
B8
g a 3]
& g @
- @
3 4 Increasing BB Increasing
ks 7 ogcillations. oscillations.
g.s“ / 22 .
'E‘p\ 52 small Ta
Q
S&| B |

Shaded renge: range of damping.




- RACA Technical Memorandum No. 988 Table V

Table V.~ Regulator susceptible to vibration.
7 + 2 Dpag i + wptqp = 7.

Pressure rpm- JAutomatic di-
control. control. E‘emperature rectional control
Tq =const _ Ta=const ontrol. - MN=const

. a ’

§ I a)R/ar_qe

+3

4+

L]

[ ]

e %

23

? n

g

(=]

o

p=0¢p +C [fpdt

Assumed fauit-~proof principle

negligible with respect to oscillation susceptibility

Temperature control processes slow enough to be
of control.

Increasing _ Increasing
oscillations. oscillations.

Conjugate rpm
</pdt

7

Shaded range: range of damping.
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Table VI

Table VI.-~- Reguletor with friction in detector system.

11,——*’7”/{0,,

Pressure rpm Temperature Automatic di-
control. control. control. rectional control
Ty const Ta,a const. TzTy const. MN const.
N N :
D A § DN Y 8 approx. 2 a approx. 2
'Ry § No N agprox. 1= approx. 1 ;
‘ O N large 8 § approximat- 2
? n N /Z &u N on .
-t 1 +d . 1 % ______
- N a R ke N'g N
° AW NG §
@ N R §
2 N\ § small N %
53 A A
N ™ _ :
2L T % R — 7,
o .
o @, ‘ aporox 1 | %e l approx. 1 |% | upprox. 1 w
13 l 2 | approx.2 =ap|prox.2_/
2z l | G2\ approx. | AR ! 7
A ¥
a l H 7]
ot . g
2 | v
% -
§ z T,
o
: £ § LY approx, 2
g 1 R i AR approx.1
A AN { © 77X
N 29 g
] N Q ¥ o <
D N 9 ~N a
S Ng ¥ o 7
n [} P~} a
] & Q 7
- N ARy, 7 1
‘ Increasing j A Increasing
E‘ X oscillations. 4 oscillations.
l§ -
N A
3 e | / @ : approx. 1
! 5 : X. 1.
d & 1 I i =a/€prox. 2
3 |

Shaded range: range of damping.
Cross hatched zone denotes gzone between the two approxlmations.
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Pigs. 1,2,3
_Control lini

Prime mover

- -._..--""Contact switch

,/ Auxillary power supply

vetuctor

Flgure 1.-Diagrammatic sxze

(®)
1o

) HIN '
] _ .
Coatrol LHKIM Adjustuent
’,' 3 of loadz
Indication’foir o
Pressure
_c'.pamber

“~-_Amplifier

__Regulator

')
P e .

Begulating system

tch o a regulated system

Hea-'v loal 3 Liskt loal sz

ﬁ,___

| iz _ergl |
vis sy:.cnro—
nous wlth 1

? Ifl_'f_ar

i.-l—_’fal Il

Tigure .2 .-Jefinition qf pressurs regulating process

Approrimation I o 4

Aprroximation II

-”

--.a 7
- Vo
- /v
’

-. __f__['l:;eoreti.cal curve

» Actual curve
T Time,

cp‘--
i

@/

Figure 3.

N

.~Explanation of coniitions ou rugulator wita frictionm
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